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Abstract 

We compute all complex structures on indecomposable 6-dimensional real Lie algebras and 
their equivalence classes. We also give for each of them a global holomorphic chart on the 
connected simply connected Lie group associated to the real Lie algebra and write down the 
multiplication in that chart. 

1 Introduction. 

In the classification of nilmanifolds, a important question is to determine the set of all integrable 
left invariant complex structures on a given connected simply connected real nilpotent finite di- 
mensional Lie group, or at the Lie algebra level the set Xg of integrable complex structures on 
the nilpotent Lie algebra g, and its moduli space ([3], Eli El)- °f 6-dimensional real 

nilpotent Lie groups, an upper bound has been given in [P for the dimension of Xg, based on a 
subcomplex of the Dolbeault complex. These bounds are listed there, and Lie algebras which do 
not admit complex structures are specified. However, no detailed descriptions of the spaces Xg 
are given. The aim of the present paper is to contribute in this area by supplying explicit compu- 
tations of the various Xg and their equivalence classes for any indecomposable 6-dimensional real 
Lie algebra g. We here are interested only in indecomposable Lie algebras, though direct products 
could be processed in the same way. 

2 Preliminaries. 

2.1 Labeling the algebras. 

There are 22 indecomposable nonisomorphic nilpotent real 6-dimensional Lie algebras in the Moro- 
zov classification, labeled M1-M22 (,£,). Types M14 and M18 are splitted in M14±i and M18±i. 
Over C, types M14 and M18 are not splitted and types M5 and MIO do not appear. In [Hj, 
one is concerned with rank and weight systems over C, and a different classification is used. The 
correspondance with Morozov types appears there on page 130. In the present paper, we label 
the algebras according to [H], except for M5, MIO, M14 and MIS. Note that M5 is the realifi- 
cation Ur of the 3-dimensional complex Heisenberg algebra n. Though MIO is not a realification, 
it appears as a subalgebra of the realification {Qiju of the complex 4-dimensional generic filiform 
Lie algebra g4 in the isomorphic realisation [01,02] — 03, [01,03] — 04, [02,03] — 04 : just take 
xi = ai,X2 = io2, X3 = ia^, x^ = 03, x^ = iai, xq = 04. Let g be any of the labeled 6-dimensional 
real Lie algebras, and let Go be the connected simply connected Lie group with Lie algebra g. 
From the commutation relations of the basis (a^jOi^j^s of use, the second kind canonical 
coordinates {x G Gq) 

X — exp (x^xi) exp {y^x2) exp (x'^x^) exp [y^Xi) exp [x^x^) exp (y^xe) (1) 
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yield a global chart for Go (see Th. 3.18.11, p. 243). We use this chart for Go in all cases 
but the case of Mb where the natural chart is used instead. For 1 ^ j ^ 6, denote by Xj the left 
invariant vector field on Go associated to xj, i.e. 



dt 



/(xexp (tx-j)) 



Then due to the commutation relations, we have in each case except M5 : 

aa;^ oy^ ox-^ oy^ 



(2) 



2.2 Complex structures. 

Let s any finite dimensional real Lie algebra, and let Go be the connected simply connected real Lie 
group with Lie algebra g. An almost complex structure on g is a linear map J '. Q Q such that 
= —1. An almost complex structure on Go is a tensor field x ^ Jx which at every point x G Go 
is an endomorphism of Tx{Gq) such that = —1. By definition, the almost complex structure on 
Go is left (resp. right) invariant if Jax ~ {La)xJx (resp. Jxa ~ {Ra)xJx) for all a,x € Gq, where 
{La)xJx (resp. (i?a)^Jx) is the endomorphism (La)*^oJj,o(L„-i)*^^ (resp. {Ra)*x°Jx°{Ra-^)*xa) 
of Tax{Go) (resp. TxaiGo)), with La (resp. Ra) the left (resp. right) translation x t—^ ax (resp. 
X xa) and (.)^ the differential. For any almost complex structure J on g there is a unique left 
invariant almost complex J structure on Go such that Je — J {e is the identity of Gq), and one 
has Jq — (ia)^ J for all a G Go. It is easily seen that J is right invariant if and only if 

JoadX^adXoJ \/X e g, 

that is (g, J) is a complex Lie algebra. From the Newlander-Nirenberg theorem (|H1), J is integrable, 
that is Go can be given the structure of a complex manifold with the same underlying real structure 
and such that J is the canonical complex structure, if and only if the torsion tensor of J vanishes, 
i.e. : 

[JX, JY] - [X, Y] - J[JX, Y] - J[X, JY] = 
for all vector fields X,Y on Go. By left invariance, this is equivalent to 

[JX, JY] - [X, Y] - J[JX, Y] - J[X, JY] =0 yX,Y eg. (3) 

By a complex structure on g, we'll mean an integrable almost complex structure on g, that is one 
satisfying Q. 

Let J a complex structure on g and denote by G the group Go endowed with the structure of 
complex manifold defined by J. Then a smooth function / : Go ^ Go is holomorphic if and only 
if its differential commutes with J (0], Prop. 2.3 p. 123) : Jo = o J. Hence left translations 
are holomorphic. Right translations are holomorphic, that is G is a complex Lie group, if and only 
if J is right invariant, i.e. (g, J) is a complex Lie algebra. The complexification gc of g splits as 
gc = g(i.o) © g(o.i) where g^^'O) ^ {X - iJX; X G g}, g(°'i) ^ {X + iJX; X e g}. We will denote 
g(i.o) ^ 'pjjg integrability of J amounts to m being a complex subalgebra of gc- In that way 
the set of complex structures on g can be identified with the set of all complex subalgebras m of 
gc such that gc = m © ffi, bar denoting conjugation in gc. This is the algebraic approach. Our 
approach is more trivial since we simply fix a basis of g and compute all possible matrices in that 
basis for a complex structure. From now on, we'll use the same notation J for J and J as well. 
For any a; G Go, the complexification Tx{Go)£ of the tangent space also splits as the direct sum of 
the holomorphic vectors Tx{Go)''^'^'' = {X — iJX; X G ^^(Go)} and the antiholomorphic vectors 
T,(Go)^"''^ ={X + iJX- X G r,(Go)}. Let Hc{G) be the space of complex valued holomorphic 
functions on G. Then Hc(G) is comprised of all complex smooth functions / on Go which are 
annihilated by any antiholomorphic vector field. This is equivalent to / being annihilated by all 

Xr ^ Xj + iJXj 1 s$ J s$ n (4) 
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with {Xj)i<^j<^n the left invariant vector fields associated to a basis (2^j)i^j"^n of g. Hence : 

Hc{G) - {/ e C-(Go) ; / ^ Vj 1 ^ n}. (5) 

Finally, the automorphism group Aut of g acts on the set Xg of all complex structures on g 
byJi— !-$^^oJo$ V<f> G Aut g. Two complex structures Ji, J2 on g are said to be equivalent if 
they are on the same Aut g orbit. 

2.3 Presentation of results. 

We consider here only indecomposable 6-dimensional nilpotent real Lie algebras which admit com- 
plex structures. For each such g, we first give the commutation relations of the basis (a;j)i^j^6 
of g we use, and the matrices J = (Jj ) = {^j) in that basis of the elements of Xg. The param- 
eters are 'boxed'. These matrices have been obtained by developping specific programs with the 
computer algebra system Reduce by A. Hearn. The programs solve simultaneously the equation 
= —1 and the torsion equations ij\k (1 ^ i, j. A: ^ 6 ) obtained by projecting on Xk the equation 
] — J[Jxi, Xj] — J[xi, Jxj] = 0. We do not enter computational technicalities here, 
referring instead to the technical report [?]■ Let's simply say that the equations are semilinear in 
the sense that they can be solved in a succession of steps, each of which consists in solving some 
equation of degree 1 in some variable. For all the Lie algebras we consider, we prove that Xg is 
a (smooth) submanifold of R^®. The dimension of Xg is equal to the upper bound given in [H| 
except in the case of MIO. Then we give the automorphism group of g, representatives of the var- 
ious equivalence classes, and the commutation relations of the corresponding algebra m = g*^^'"^ in 
terms of the basis (ij)i^j^6 with Xj = Xj—i m is a 3-dimensional complex Lie algebra, it is 

either abelian or isomorphic to the complex Heisenberg Lie algebra n. Hence, as a real Lie algebra, 
m is either abelian or isomorphic to M5. Finally, we compute the left invariant vector fields Xi, X2 
on Go in terms of the second kind canonical coordinates (except in the case of A/5, the 4 others 
appear in Q), a global holomorphic chart on G and the explicit look of the multiplication in G 
in terms of that chart. The fact that left translations are holomorphic, though the multiplication 
isn't except for the canonical structure on M 5, appears clearly on these formulae. There we make 
use of the following formula which is easily checked from the Campbell-Hausdorff-Baker Formula 



e^e^ = e^^'^^+^ ([x,[x,y]]+[y,[x.Y]])-i-i ([jf,[x,[jf,y]]]+[y.[y,[x.Y]]])+i ix,[y,[x,y]]] mod c% ^y^x ^-g^ 
where C^g denotes the 5**^ central derivative. As usual, for complex z — x + iy {x,y E M), 




' ^"M^^*^)' ^^'-^^ abbreviate 'complex structure' to CS. 



3 Lie Algebra ^6,3 (isomorphic to M3). 

Commutation relations for Qq^^ : [xi,X2\ = x^; [xi^xs] = x^; [x2,X3] = xq. 

3.1 Case ^ 0. 



J = 
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(7) 

where j? = (e^ef + i^hl - its's^e - iUUl + j? = alhf + 2«ieici^eJ - iUUUf - 
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2«i^ei?t«i5i' - 2«i^eiei^«i«i +2ei^eiei«i^5i +2ei=5|«i«i5iej ^ 



,5,2,13 



,,5,4,4,3,2,12 
^5256555656^6 



^ V 56 5656 53 



2,52,4,2,1,1 
56 55565653 



,,5,5,4,22,1 

56535656 56 



,5,42,22,1 

5656 56 52 



-^^6 ^6 '^5 ^6 '^6 ^2 



ef)); 
,5,42,22,1,1 



,5,5,42,22,1 

565556 56 56 



,5,5,42,13 
565555 56 



,5,42,3,22,1 
5656 5656 53 



,5,42,23,1 
5656 56 52 



_52 4t4pl3 ^5(^42^3^22^1 r,^5 ^4 ^4 ^3 ^ 2 ^1 2 ^5^42. 3_l3 ^5^42^23-1 ^^-5 ^4 >4 >22 2 ^5/:42_2tl3 i c4'2 ^2 (^12 



44ee')/(il'(4ee + 44fy. 



53,5,4,23,12 
" 555556 56 



• + 3e; 



53,4,3,23^1^1 



-52^5 t42 -3 -23^1 
^6 '^5'^6 ^6^6 ^6 



52-5-4t4t3t22-l2 



7ei 



53,4,23,12,1 52,52,4,23,12 
" 5556 56 51 +•356 55 5656 56 " 



53,4,4,3,23,1 
- 5655t656 



'4 



5 2 -5 2^4 -;2 2 ^13 



^Hl4e,e,'4il 



4''44ir44 + 24^44if4''il + 24'4ifiUl4' + 



74'iUUliril'il - 4'44ir4hl + 24\utir4'4 

,52,5,4,24,12 
56 5255^6 56 
,52,4,4,3,22,12,1 
56 56555656 56 5i 
£52,4,3,22,12 1 1 

i4i.re,'ilhi 



2^6 ^i^e^i^i ^6 



4^4^44^14 



2«, 



_ ,52,4,3,23,1,1,1 
56 565656 56535i 

■4'44'4'44- 
244^4^44^4^ 



44'^f(.Ul' + 54e^4t.Ul4'il 



,52,4,24,1,1,1 
56 5656 565251 

-4'44'4'4' 
- 44'^44444J^ 
244\i4-'4hl - 



c52^4f23tl2^l2 

24\uf4^ 



„-52^42 -32^2tl2-l 
■^^6 '^5 ^6 ^6'^6 ^3 



t5 2^5(:4/:2 5tl 
52^4t4t3t23^1^1 
52^42 -3 -22 -12^1 



^6 ^5 ^6^6 ^6 ^: 



^6 ^6 ^3 ' ^6^5 ^6^6 ^6 ^6^5 ^5^d^6 



544'4(.Ur4'il 



244^44^1^1 



9t5t5t5t4t24-i2 
■^^6^5^2^6^6 ^6 " 



Qt5 t5/:5 t4t2 3tl3 
'^'^6^5's2^5^6 ^6 " 



44'(.te,4'ei ■ 

2.5^5^42 -32-22^1 -1 2^5^5^42-3^23^1 -1 _ 



- 4ei£i£i£^£3^f 

■2e=«i5fe3^f5i2«}- 



44''iUr4'e, + 
- i4(.UUUUr4' - 
-i4(.UUUre,4'il + 



A4444iliril'il- 
2444-'4^4^4 

A444-'4hl + 244i4'sf4'^l 



■ 244444ee4' 4- 244444' ^I'ilH ■ 



^-5 -5 -4 a2 3^1 2^1 -1 ^^5 ^5 ^4 ^2 2 -l 3 ^1 2 ^5 -5 ^4^2 2-13 



2444hl44'4 



2444444^44 



24444^4hkl 



244444UI' 



444444hr4' 



244ififee4' 



^5^43 -32-23 -1 
'^6^6 ^6 '^6 ^2 



34ifiUfee'4il ■ 

^^e^Q^t ^6 ^6^6 ^2 + Ce^e^s^e^e^e + ^Ce^e^e^e ^6 €3 ^g^g^g ^g ^1 ~ ^e^s ^g ^2 + ^G^t ^g^g + S^l^g^g^g^g ^3 - 

>5t4 t2 tl4^1 I t5 4,^4 ^2^1 4 t5 4-2tl'4tl >5 3 ^4 2 -3 -2 ^1 3 ^5 3 /:4 ^4 /^S 1 1 4 -5 3 -4 ^3 ^2 1 1 3 ^1 ^5 3 -4 ^2 2 -l 3 ^1 -5 3 ^4 >3 1 1 4 -1 
s6 ^5^6*^6 '^l"rs5 ^6^6^6 ~^5 ^6^6 ^3~^5 ^6 ^6*^6^6 ~'^5 ^G^5^G^G "r^5 '^6'^6'^6^6 ^3~'^5 ^6^6 '^6 '^2"r^5 ^Bsgse '^3' 



52-5-4t3t22-l3 
^3^6'^6^6 ^6 ■ 



24^ 44444'' 4 -4' 4444^1- 



4'444'44 
2444'ifee'- 
244444' - 

t42 -3-22 -l2-l 
?6 ^6^6 ^6 ^2 

^4^3^l4pl,^l 
^5^6^6 ^3^1 

a5 t5 d:2cl tl 



^5 ^t^G^G ^2^1 



si ^5^6 



^4'444''4'+4'444'' + 4'4'44kl- 
24f44kl + 2444'4hr4' + 444444^44' + 



-5 -42 3 2 tl 3 t5 t4^4f3^l4 -5 t4t3 t2 tl3-l ^5 t4 ^ 2 2 ^l 3 -1 -5 ^4 ^3 ^1 4 -1 ^5/:4f2^l4 i ^^5^4^3^22-13 
^5^6 '^6^6'^6 ~S5^6^5^6^6 "r^5^6'^6^6'^6 ^3~'^5'^6^6 ^6 '^2"r';5'^5^6^6 ^3~^5^5^6^6 '^2~'^s3';6'^6^6 ^6 " 



(^5c43-32-23 -1 
^2s6 ^6 '^e ^6 



„^5/;4(^42^32-2(^l3 
'^'^2^6^5 ^G ^G^G 



t5/;4t23 -13 
<2^G<G ^G 



t42-3-2tl3tl I 9t4t4t3A2tl3tl 
^6 ^6^6^6 ^l"r^S6?5?6?6^6 <;2' 



, ^4^4p3^l4^1 
^G^5^G^G ^1 



. ^4^3^2^13.1^1 
^6^6^6^6 ^3^1 



t4t22tl3tl/:l 
■ ^6^6 ^6 ^2^1 



t4^2^l4-i2 
- ^G^G^G ^1 ' 



44if4' + 



,4,^,1 
555656 

,5,4,3,2,1 



,4,15,12 
5556 51 



,5,4,3,1,1 



(4'4''' 



4 + 



244444 -44444+444^1 -44444+44444+4^^4 +44444 +444^1+44444+4444^ + 

^2^6 ^6 ^6 + ^2?5^6^6 ~ ^6 ^6^6^2 ~ ^6^5 ^6 ^6 ^2 ~ ?6^6^6^3^2 ~ ^6^6 ^2 ~ €6^6^6^2 ^1 ~ €5€6^6?3^2 ~ ^5^6 ^6 ^2 ~ ^5^6 ^2^1 + 



4'4)/(4'iiUl + 4il)y. 



(- 



,52,5,22,1 



«6«3 +e 



52,5,23,1 ,52,4,3,22,1 



,52,4,23,1 „, 
56 5656 52 + '^5, 



52,4,3,2,1,1 
" 55^6565653 ' 



,52,4,22,1,1 ,52,3,22,12 ,52,23,1,1 ,52,22,1,1,1 ,,5,52,2,12,1 ,,5,5,5,22,12 ,,5,5,4,22,1,1 ,,5,5,4,3,12,1 
56 5556 5652 ~56 5656 53 "56 56 5352 ~56 56 5653^1—^^655 5656 53 "T ^^6 55 53 56 56 —'^5655^656 56 52 "r ^^56 55 ^5 ^656 53 " 



,,5,5,4,2,12,1 
5655555656 52 



,,5,5,3,2,1,12 
^565556565653 



,,5,5,22,1,1,1 
565556 565352 



2?6^5^6^6 ^3^1 



,,5,5,4,3,22,1 
5653565656 56 



,,5,5,4,3,2,12 
■ ^565355565656 



5,42,3,22,1 
5656 52 



,,5,4,4,3,2,1,1, ,5,42,3,12,1 ,5,2,12,1 ,53,13,1 1,52,5,2,13 ,52,4,3,12,1 ,52,4,2,12,1 ,52,4,13,1 ,52,3,12,12 
^56565556565652"r5655 5656 52 —565656 53—^5 '^6 53-1-55 535656 —55 565656 53-^5 565656 52—55 55^6 52—55 5656 53 - 

,52,2,12,1,1 ,52,13,1,1 ,,5,5,4,3,2,12 ,,5,5,4,3,13 ,5 ,1 3 ,1 , ,5 ,2 ,1 3 ,5,42,3,22,1 ,,5,4,4,3,2,12 ,5,42,3,13 
55 5656 53^2—55 56 5351 —^^5^3^6565656 — '^55 ^ 3^ 5 ^ 6 56 —5556 53 -r535656 —5256 5656 56 —^52 56 55^6 56 56 —5255 5656 - 



,4,3,12,1 _,4,2,12 1 
565656 53 565656 52 



,4,13,1 
5556 52 



,3,12,12 
5656 53 



,2,12,1,1 
5656 5352 



■4'ikl)/i(i'(((lii+4eef+4')): 



= ( 



-4hr-2ikUf4 + 



24444^ + 244444-4^44'' +i?,eeeeee^li+e,e,ee^li 



5,4,3,2,1^,5,4,3,12 ,42,32 2 ,4,4,32,1 ,4,32,2,1 ,4,3,22,1 ,4,3,2,1,1 

56 56 56 — 5655^6 56 —5656 5653 — 565656 52 — 56 56 56 56 5l " 



«5«; 
J 



■ 44 



■44')/(il'iiUl + iUl)y 



44')/4'' 8.nd the parameters are subject to the condition 
Now, equivalence by a suitable automorphism of the form 



444 +4^4 +44il'i/il': 
(8) 



/I 





















1 

















1 











4 


bt 


1 















1 





bl 


4 








1/ 
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reduces to the case — ^2 ^ ^3 
applying equivalence by ^' = diag 



— ?6 
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5 f5 e5 _ 

2 — S3 ^ ?6 " 
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0. Then from S.UI and 
-5|c where 
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c = ICs^gl ^ ' reduced according to the sign of ^|^g to either 
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or 
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is equivalent 


to Ji 







(10) 



Now J I is equivalent to Ji, hence any CS with 7^ is equivalent to Ji. 

3.2 Case = 0,4V 0. 
/ -it 



-«f/€| 



-f2 
?4 



S5 



where jJ 



(11) 



5t?iere?)/(si''(«!€i + d€f)); J 



_ f6i2,2 j_ 



,6 2,2 2,2,2 ,6,4,3,22,2 ,6,4,2,22,2 ,6,3,22,2,2 ,6,2 
^6 '^5 ^4'^1 ~ ^6'^5^1'^5 ^4 ~ '^6^5^5^4 ^1 ~ ^6'^1^5 ^4^3 ~ ^6^5 



,5,4,2,2,2 ,42,3,2,2 ,42,22,2 , ,4,3,22,2 
^5^5^5'^4'^1 ~ ^5 ^1*^5^4 ~ ^5 S4 ^ S3^1*;5 ^4 



/t6/:2t2 I pQ, p2 

6£:3t22^2t2 ^6t2c22^2t2 , ^6^22^2 ^52^3/;23 ^^52_22_2t2 t5/;4t3t22_2 
, ^6^1^5 ^4^3 ~ ^6^5^4 ^3^1 ^5^5 ^4 ~ ^5 ^1^5 ~ ^5 ^5 ^4^1 ~ ^5^5^1^5 ^4 

-2^22^2 I t5t3t22 _2(^2 , ^^5 /:2 >2 2 ^2 ^2 , c4t3c2 a22 .2 , (;4>23^2t2 ^4>3/:22^22 ^4>2t23^2 /:3t23, ,,^23/^3^2 , c'^ cl-.-., 
-.^Ka ^1+^5'51^5 €4?3+€5€5^4 ?3 ^1 + €5 ^1 ^5 M ^3+^5^4 ^3^1-^3^1^5 '?4 -€3^5'^4 ^1-^1^5 )/(^5 1 €5 + ^ 4 ^ 1 )) ! 

t5 _ //:62^22t2 t6/:3/:22t2 t6t2t2^2^2 , t5t3t22-2 , ^1 cl c'i cl , t4 13 /:2 /:2 /:2 , t4t22-2/:2 ^4^3^22-2 /:4/:2t22t2 , 
•^3 — "^^e ^5 ^1 ~ ^6^1^5 ^3 ~ ^6^5^4^3^1 ^5^1^5 ^3 ^5^5^4^3^1 ^5^1^5^4^3 ^5^4 ^3^1 ~ ^3^1^5 ^4 ~ ^3^5^4 ^1 

,.(;9fio9o (;c.'ji9o .cfiooo.i ..rc'JO?* .(;f;.i9oo /-6/-22^2 



/:4c32^22^2 , -^^4^3/-2^2^2^2 , ^4^22^2^-22 ^4^32^23 ^^4 /-3 ^2 2 ^2 ^2 ^4 ^2 ^2 2 ^2 2 ^ / / ^2 3 / ^6 2 , -,6 / ^6^6/ 

€5^5 ?4 + ^3^5 



4 ,2 , ,6 ,2 ,2 , ,4 ,3 ,2 , ,4 ,2 ,2 \ / ,2 2 . onrl ttip T-iflrampfprQ flrp QiiKippf f n f.tiA rnnHif inn 



5 ?3 T^';5?l?5?4';351 ^5554 ';351 -';3';i ?5 -^^3?1^5 ';4 ? 1 " ?3 "JS 54 ?1 ^/ ^56 '^'-11^ •'2 = 

-i-SaCid +et«i5i + ?5?4?i)/€i^; and the parameters are subject to the condition 



(12) 



Now, equivalence by a suitable automorphism of the form reduces to the case 
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J2 = 



Suppose first that ^| 0. Then this J2 is a CS belonging in the case 13.11 Suppose now that 
= 0. Applying equivalence by the automorphism A = diag(l, Ci/Cl, ^f/£,f), 

A^i J2A is the matrix 
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-1 
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(13) 



Hence, from the result of the case l3.1l any CS with = 0, ^| ^ is equivalent to either Ji in (|10|1 or 
J2 in fl^ . Since J2 is equivalent to Ji by the automorphism M — diag (( _?;^J),— 1,0, 0, 1,(5^^)) 
i.e. M^^J^M = Ji, we get that any CS with ^g = 0,^| 7^ is equivalent to Ji. 
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3.3 


Case ^ 

/ 


1 

6 ~ 










-1 


J = 












"5251 "^2 

















0. 



\ 






^3 







IT 

(14) 



where jI = ^ ( -« « + « » 5| €i c } - c| ? i ' « ? el - ?! « ? €i + 5 ! «2 + «l «i « ! 5 2 + «l e! ^2 ei - aei el el ' ^ 
efeleiel^ + e?eie|))/(ei(ei' + 1)^); jg = {ei(-eie?' - 
subject to the condition 



e3e|ej))/(5l(ej^ + 1)); and the parameters are 
^2^1 ^ 0. (15) 



Now, equivalence by a suitable automorphism of the form reduces to the case 



^1 



^' = diag 



















1 















0. Applying then equivalence by the automorphism 
W 




515251 5152 



we get into the case of a CS J where all pa- 



rameters but ^1 = ^1 = 1 vanish and = ^| = 1, that is J = diag ((-?io);(~°io)'(-io))i which 



is equivalent to the matrix Ji in (|10() . Now, with the automorphism diag(l, —1, 1, —1, 1, —1), J is 
equivalent to its opposite 

Jo = diag((?V),(?V),(;V)) . (16) 
Hence, any CS with = 0,^| = is equivalent to Jq in Commutation relations of m for 



Jo : [xi^xs] = X5; [ii,i4] = xq; [x2,X3] = xe; [x2,X4] = 





el 



-X5. 



3.4 Conclusions. 

Any J e X6,3 is equivalent to Jq defined by ((TB|) . Hence Xg.s is comprised of the single Aut ^g.s 
orbit of Jq. Now Aut C/g.a consists of the matrices 



/I 

bf 

b'i 
bf 
bl 
\bl 

where the 6J's are arbitrary reals with the condition det<i> 7^ 0, and the stabilizer of Jq is 6- 
dimensional. Hence Xe.3 is a submanifold of dimension 12 of R'^^ Chap. 3, par. 1, Prop. 14). 

however this 


























\ 


bl 


bl 





















bl 


bl 























b\ 


bi 


blb\ 




blb\ 


blb\ 




blbl 


blb\ 




blbl 


b\ 


bl 


blb\ 




b'A 


blb\ 




blbl 


blb\ 




blbl 
bW 


b\ 


bl 


blbl 




blbl 


blbl 




blbl 


blbl 





We also remark that X6,3 is the zero set of a polynomial map F : 
map is not a subimmersion, that is its rank is not locally constant. 



p36 



p81 



p36. 



3.5 



X ^ — -x^—~ 1— X = — -x^ — 
dx^ dx'^ dy-^ ' dy^ dy^ 



Let G denote the group Go endowed with the left invariant structure of complex manifold defined 
by Jo (CHI)- Then HdG) = {/ G C°°{Go) ; X' f = Vj = 1, 3, 5}. One has 



dz^ 9z3 dy^ ' ^ dz^ ' dz^ 
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where 



iy^ (1 j 3). Then / £ C°°(Go) is in Hc{G) if and only if it is holomorphic 



with respect to z and z"^ and satisfies 



9/ 

dz^ 



z 



Hence the 3 functions — z^ ,10^ — z"^ + 



4 



2 



1 9/ 



3 _ ,3 



z^ are holomorphic. Let F : G ^ C'^ 
defined by F = [w^ ^w^ ^ixr"). F is a biholomorphic bijection, hence a global chart on G. We 
determine now how the multiplication of G looks like in that chart. Let a,x € G with respective 
second kind canonical coordinates (x^, j/^, x^, a;'^, j/'^), (a^, /?^, a^, a'^, Z?'^) as in (Q). With 
obvious notations, a = [wl^,w'^,w^], x = [w^, w^, wi^], ax = [wl^^^w'^^^w'^^]. Computations yield : 



wt, 



3 1/ 2 ^ (^'^q)^ - 



,.1 |2 



4 Lie Algebra Qqj (isomorphic to M6). 

Commutation relations for Qqj : [xi,X2] = X4; [xi,X3] = x^; [xi,X4] = xg; [x2,X3] — —xq. 



I 



J = 



-a 



f3fl 









-a 



(17) 



where j? = {iUlil 



12 



31 = {- 



t6t5 2,3 2 



,4,3,1 

?2^4^2 

12 



«4e2el + d«2e;)/«2 



12. 



12 



2^2 



^6t4t32^l2^1 
■ ^4^2^4 ^2 ^1 ■ 

■2ei=*si«ieiei+eiM«i«r- 



^4^4 ^2^2^1 

-ei^el«i4f «2 + 



,52,5,4,3,12 ,52,5,32,3,1 , ,,52,5,3,3,1,1 

^5 ^4^2^4'^2 ~^5 '^4'^4 S2^1"r^S5 ^4^4^2 '^2 '^1 ' 

,5,32,3 
S4S4 52 



2eidd«iei+«idd«2'- 



■ ?4 ^2 ^4 ^ 2 "I" ^4 ^2 ^4 ^ 2 " 



€;)/(d€i'(e5^ 

€5de2 + del«; -d«2€;)/(«i(€l -«2)); Ji = (-€4«g€ 
and the parameters are subject to the condition 



f i)(d - 

2,5,3,1 
!442!2 " 

,6,5t32 



5 ('tfb,5,3^,d 

2 — U4^5^4 '^2 

-d«i€i)/(d(d 



-2dddd€i 



2d«id«2 + elef e; - «i'dd + ei 



?4?4 
tl2 



js = (der-€5«4«i + 
-dd + de2)/(ef ei); 



Now the automorphism group of t/6,7 is comprised of the matrices 



(18) 



6? 












bl 








bl 


b? 





b\ 


bi 


blb\ 


bl 


bl 


blb\ 


bl 


bl 


bib\ - blbl 











where 626^ ^ 0. Taking suitable values for the 5^'s, equivalence by $ leads to the case where 
= el = d = CI = - = el - d = and ^1 = 1, il = a, where a ^ 0, 1: 



J. = diag (( _^ J ) , ( _r% S ) , ( („_°r)/. -/("-^^ )) (a ^ 0, 1) 



(19) 
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Hence, any CS is equivalent to Jq, in (|19|l . It is easily seen that the Jq,'s corresponding to dif- 
ferent values of a are not equivalent. Commutation relations of m for Ja : [ii, is] — is ; [ii, X4] = 
(1 - a)x6 ; [x2,X3] = ie ; [x2, £4] = -ax^. 

From (|17|) . Xg,? is a submanifold of dimension 10 in M'^^. It is the disjoint union of the contin- 
uously many orbits of the Jq's in (fT^ . 



4.1 



Let G denote the group Gq endowed with the left invariant structure of complex manifold defined 
by J„ in 113. Then HdG) = {/ £ C°°(Go) ; X r / = Vj = 1, 3, 5}. One has 

awl dy2 QxA Qyi Q^2 g^3 

where = x^ — iy^ , w-^ — x^ — iay^ , w'^ — x^ + i-^^ y^ ■ Then / e G°°(Go) is in Hc{G) 
if and only if it is holomorphic with respect to w'^ and and satisfies 



The 3 functions 



8 

^ = ^ tK) T- 



' M 2 3 / 2(1 -a) 

are holomorphic. Let F : G ^ defined by _F = {(p^ , (p'^ , (p^) . F is a biholomor- 
phic bijection, hence a global chart on G. We determine now how the multiplication of G 
looks like in that chart. Let a,x e G with respective second kind canonical coordinates 
j/i, y2 (-Q,! jji Q,2^ ^2 Q,3 With obvious notations, a = [wl,wl,wl], 

X = {wl,wl,wl], ax = [wl^,wl^,wlJ, a = [ipl,ipl,ipl], x = [ipl,pl,tpl], ax = [<^L: '/'L- vLl- 
Computations yield : 

= wl + wl-a^x'+^^(-P'x'+aW + \pHx'f 
a — I \ 2 

We then get 

'/ax = V'a + : '/ax = + + J i^Vl ~ <^a) 'Pl > fix = fl + fl + X(a, x) 

where 

X(a,x) = f-i + _^^+ (^)2 + (^1)2 „ 1^1 12 



2^" 2(1 - a) '^'^ 16(1- a) 16(1 - a) 4(1 - a) 

16(1 -a) (^^"^) ('^^^'+2(1^^ 
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5 Lie Algebra ^6,4 (isomorphic to M7). 

Commutation relations for Qq^4 : [xi,X2] = X4; [xijX^] — xg; [x2,X4] — X5. 



/ 



J = 



V 























hi) 


-e. 
















el 


b 


F^ 














-& 
















el 


Cf +1 

c 






?2 


?3 


?4 


c 


-a 



(20) 



where j? = (-eield + zeieiej - eielcl + fiej^ - 5i)/(d«5 + 



b : 



,6(4,3 2^12 (6,3,3 ,15 
?3?2?4 ?1 +?35452?1 " 



,6,3,16 0,6, 3, 14 
425441 ~^?2?4?1 " 



,6 ,5 3 ,3 ,1 ,1 2 
?1?5 ?442?1 " 



kl ,6,52,3,14 ,,,6,52,3,12 ,6,52,3 ot6,5,3,-L'J ^tDtatJti-J ocD£^<:3,i 
1~?2?5 5451 ~^52?6 54?1 ~?255 ?4 "^52555451 ~*52555451 ~^?2?5?4?1 

,6 ,5 3,3,1 ,6,5 2 ,3 ,1 ,13 ,6,5 2,3 ,1,1 i ,6 ,5 ,3 ,1 ,1 4 , ,6 ,5 ,3 ,1 ,1 2 ,6 ,3 ,1 ,1 5 , 
?1?5 5452~5155 t452?l ~tl55 54 ?2 5 1 +51 55 5452 ? 1 +5155545251 +5l545251 + 

■(e4el€;'+€!«i+e3«i«J'+«3«i-eiei«J'-eifi-«i?l^-«i€;+€?«2«;''+«!e2)/(ele2(e5 + 



535, 



53,3,12 

?45i 



,0 ,5 J ,j 
■ 5355 54 



-mi 



5451 



ciciel +«ie|«p +C3«4Ci)/(«4C2(55 +Ci)^); and the parameters are subject to the condition 
Now the automorphism group of Qq 4 is comprised of the matrices 



-el+ei€i«|€i' + 



(21) 





V6f 















b'. 











bl 


"3 








bt 





blb\ 





bl 


^-i 


-b\bl 


bfb\ 


b% 


b% 


blb\ 











b\b\) 



il = d = = = i% = el = 0, = el - 1 and = a,et = ^ -/? : 



where 7^ 0. Taking suitable values for the fe'^'s, equivalence by $ leads to the case where 

e2^ 

-a/3+1 

/ / r\i I \ / 

Ja,0 




1 



a+/3 
(a" + l)(/j" + l) 
(a+/3)2 



1 




{a ^ -P) 



(22) 

Hence, any CS is equivalent to Ja,j3 in |(22J). The Ja,i3^s corresponding to different couples (a, /3) 



are not equivalent. Commutation relations of m for 



[a;i,X4j 



j- (1 + a'^)x5 - axe; [^2, is] = - 



[xi^xs] 

„2N 



aP-1 ~ 



a+p 



a+p 

From (|20l) . X6,4 is a submanifold of dimension 10 in 
uously many orbits of the Ja,p's in H22I) . 



a+/3 



F2,a:4 



(^(l + a^)(l+m 

It is the disjoint union of the contin- 



5.1 



Xo 



d 2 d 
dy^ ^ dx^ ' 

Let G denote the group Gq endowed with the left invariant structure of complex manifold defined 



' dx^ 2^^ ' dx-i dy^ ^ dy^ 
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by (EH). Then iJc(G) = {f e C°°(Go) ; X' f ^ Wj - 1, 3, 5}. One has 



x^ ^ 



(l + ia) 



d 



+ ( -yr+iy'il-ia) 

d 



d 2 ^ 1 9 



where 



= 2 ^ , 

x^ — i{ax^ + y^) 
2 , (l-a/3)(a + /3) ^ 



(l + a2)(i + /32)2^ '(l + a2)(i + ;32)' 



w 



a + /3 a + /3 

Then / € C°°(Go) is in Hc{G) if and only if it is holomorphic with respect to w"^ and and 
satisfies the equation 



where 



w 



Qf ^ Q f 

:+ — {{a-i)w^ + {a+i)w^) = 



dw^ 2 



A = 



[a + (3){\ - a(3 - i{a + (3)) 
(l + a2)(l + /32) ■ 



The 3 functions 



2 2 



(wi)^ + (a-i)|u;i|' 



(^3 = _ 1 _ •)2 (^1)2^1 _ 

16 16 



l + A 



{P-i){a-i) 



a + i 
48 



a + /3 

a + /3 ' 2(a + /3) 



are holomorphic. Let F : G ^ defined by F = {ip^ , ip'^ , (p^ ) . F is a biholomor- 
phic bijection, hence a global chart on G. We determine now how the multiplication of G 
looks like in that chart. Let a,x d G with respective second kind canonical coordinates 
{x^,y^,x'^,y'^,x^,y^), (a^, /3^, a^, a'^, as in (Q). With obvious notations, computations yield: 



ax 
2 



a + P 



1^1 



(l + a2)(i + ^2) 



(1 -aP-iia + (3) P'^x 



2 a + p 



a^x^. 



We then get 



^ ax 
2 

•^ax 



3 

fax 



fl+fl 
fl+fl + 



a + (3 



(2(1 - z«)<^i - (a^ + 1)^1) ifil 



fl + fl+ Xia, x) 



where 
X{a,x) 



) = iQ^J+p)2 (-(" + + ifiP + i) iflf + (a + /?)(« + 2/3 + z)(a - if {p^lf 



+4(a + P){a + (3 + t{ap - 1)) \pl\' - 8(1 + a'){l + p^) pi - 8(1 + a')ia - z)(/3 ~ z) p>l) pi 
+ - (2(a^ - 1 - 2^a) pi + {a' + 3 + 2z)^) {plf + i^!^i^M_^ ^ ^ 
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6 Lie Algebra ^5,1 (isomorphic to M4). 

Commutation relations for ^6,1 : [a;i,a;2] = x^; [xi,X4] = xq; [x2,X3\ = xq. 

6.1 Case^iV0,^3V0,e3Ve 

/ 



J = 



-(cf'+i)/ef 



S5 



(23) 



where = (-((«!«§«} - iUUl ■ 



c6c5c2c2t2cl t6c2 2/:2t2tl , /:6 /:2 2 ^2 2 -l , ^6^2^2 2-12 , t6/:2/:2 2 ^6 t2 ^2 c2 t;! 
- ^5?5^4^3^1^3 ~ ^5^4 ^3^1^1"^^5^4 ^1 ^3"'"^5^4^3 ^1 "^^5^4^3 ~ ^5 ^4 ^3 ^ 1 ^3^1 " 
(.52^22^22 I t5 2(-2>2c2e2 _|_ c5 2(;2c2t2i.l , >52£2t22-l c52t2c2c2>l ^5 2 ^2 ^-2 ^-1 ^-1 ^22^22 . -2 c2 ^2 c2 , t:^ ^2 ^-2 ^-1 , c2(:22^l 
^5 ^4 ^1 "T ^5 ^4^3^2^1 ^5 ^4^3^1^1+^5 ^4^1 ^3 ~ ^5 ^3^2^1^3~^5 ^3^1^3^1~^4 ^1 + ^4^3 ^2 ^1 + ^4^3 ^1 ^1 + ^4^1 ^3' 

>6 2^5i22^2>2>l >62 ^5 >2 >22 ^2 >1 
?5 ?5^4 ?3^1^3~^5 S5?4^3 ^2^3' 



,62,5,2,22,1,1 
^5 ^5^4^3 ^3^1 



62,5,2 ,2 ,2 ,12 
" 45*4535153 



,62,2,22,2,1,1 ,62,2,22,1 
55 5453 5253^1 55 5453 ^3 



-«J)ef); Ji = 

. 62^22 -22 . 2pl 
^5 ^4 ^3 ^2^1 



,62,22,22,12 
- 55 54 53 51 

,6,53,22,2,2 
5555 54 53^1 



,62,5,22,22,1 
55 4554 53 ?1 

,62,22,2,2,2,1 
- 56 44 53425153 

9,6,53,2,2 ,2 ,1 
^5545 44 43€i€3 - 



,62,22,2,2 



,6,53,2,2,12 _ ,6,52,22 



,62,22,22,12 
46 44 4i 43 + 



4545 434i43 



4545 44 435241 



Of 6 ,52, 22, 2, 2,1 , 0,6,52,22,22,1 1 ,6,52,2,22,22 , ,6,52,2,22 , „,6 ,5 2,2 ,2 ,2 ,2,1 , ,,6 ,5 2 ,2,2 ,2 ,1 ,1 ,,6,52,2,2 

•^4555 54 435i4i +-^4545 44 4i 53+4555 5443 42 +4555 54*3 +-^4545 5453524153 + •^4555 54535i434i — ■'5555 6451 



22, 12 
53 ■ 



,6,52,22,22,1 
4656 43 42 43 ■ 



,6,52,22,1 
4545 43 43 



0,6 ,22,22,1 . ,6,2,22 ,22 ,6 ,2 ,22 , „,6 ,2,2 ,2 ,2 ,1 I oc6,2,2,2,l ,1 
■^4544 4i 43+454443 42 +454443 + ^454443424i43 + ^4544434i434i 



,,6,5,2,2,2,1 , ,6,6,2,2,12 ,6,22,2,2,2 ,,6,22,2,2,1 
^464544434l43 + 4555535i43 ~4644 43*241 ~ ^4644 434l4l- 

" ' " ,,6,2,22,12 ,6,22,22,1 ,6,22,1 ,6,2,2,2,12 
-^455451 53 — 4553 52 43 — 4553 53 — 4553524153 " 



,54,22,22 , ,,54,2,22,1 ,54,22,12 
45 44 4i +-245 444i 43—45 4i 4; 

«3)«i«i')i J; 



5 5451 53 - 56 5i 53 - ^if + ^if - ^l^f - il' + ^^^if - if il')) / + - 



,•,62,5,22,2 
-(.55 4544 43 



_,6,5 2,2,2,1, ,,6,52,2,2,1 
-4545 444341+^4545 444l43 



,6,22,2 I ,6,2,2,2 
4544 41+45444342 



iUUM + 2«5«lff - itilil + itiUl - 2«5^d«f + nfiUl - ilii + iUl))/aif + mUs^y, Jf = (-(((if + ml 



j){d-e3)5f-((«ier+ei-ef«3«;)ei-(ei€j-€fe3)de?)56))/((«i'+i)(d-«3)ei); 



(-({{er+i)ei-«5«ie3){e4- 



^2^l€3)^3^3 



1); 



(«3«2 



i)))/((«i' + 



= {{(el - (Dfi - e!«?)(«:f + 



,52,2,2,2,1 ,52,2,2,1,1 

45 43424i43 — 45 434i434i 



,52,22,12 ,22,22 

55 4i 43 - 44 4i 



((€i€r +€i - €? - (sisl - «? + ((ei + i)«f - e5«5«i)(d€i - 



if- 

,6,5,2,22,1 j6c5e2 2j 
55454443 4i - 



,22> 



,6,5,22,1,1 ,6,2,22,2,1 ,6,2,22,12 ,6,2,2,2,2,1 , ,,6,2,2,2,1,1 ,6,2,22,12 ,6,22,2,1,1 ,6,22,1 ,6,2,2,2,12 

454543 4341—454443 4241—454443 4i +454443424143 +-^454443414341 — 454441 43 +4543 424341—4543 43—4543424143 - 

-il^Ulilil +€i'€i€ie?ei + ei'eie?5i5j -elei€i€f + eiei€f€i + uUfilhr - 

«isreieisf«3 + 2«icr«i«f«J«; 



,6,5,22,12 1 

454543 43 4i 



,6,22,22,2,1 ,6,22,22,12 
-4544 43 424i-4544 43 4 - 



,6,22,22,12 ,6,2,22,2,1,1 ,6,2,22,1 ,6,2,2,2,2,12 ,53,22,2,2 I ,,53,2,2,2,1 

-5554 5l 43 +554443 425351—555443 43—455453525143 —45 44 534l+-^45 44434l43 



,53,2,2,12 
45 434i43 



,52,2,2,2,12 
45 43424i43 



,0 ^ ,^ ^ ,^ ,^ ,^ 

45 44 43424i 
,52,22,22,1 ,52,22,1 

45 43 52 43 55 53 53 
,22,22,1 , ,2,22,-" 

44 4i 43 + 4443 i 

iliM - - (el - €j)eiei){er + ixe 

(;6/:6c2c2cl c^c^c^c^c'^ c6c6c2tlcl 
s5s3C4^3^1 ~ C5C3C4si^3 — S5^3^3C3Ci 



2^22^1 , ^52^2^22,22 
?1 ?3 -I- ^5 ^4^3 ^2 



nfililililH 



,52,2,2,12,1 

45 434i43 4i 



,5 ,22,2,2 I ,,5 ,2 ,2 ,2 ,1 ,5,2,2,12 
' 4544 4341 + ^4544434143 — 45434143 



,52,2,22,12 
45 444i 43 

,22,2,2,2 ,22,2,2,1 
44 43424i - 44 434i4i 



,2,2 2 
5453 



52 



,2,22,12 
44*1 43 



c1 cl. t'^'^ 
43424i43 



,1n,6,6,2 
43J454l43 



,22,1 
53 53 

_ ,6 ,5,2w,6 ,6,2,2,1 
464543n4544434l43 



,0 ,0 ,0 ,ii ,ii 
■ 4543454443 



,6,52,2,2 
4345 444i 



,6,52,2,1 , ,6,2,2 
4345 4i43 + 434441 



,62,23. 



Ji = + - - d«?)(«5 + 1) - ((id - dd - efsi)?!?!)?! + (dcicJ - (liUl - - (d - Ca)?!?!)?!?! - 

+ i)€i + (€i - ilKUlHi - (if + i)(€l - €j)€f)€i))/((€i= + DiUl); j| = (-(ifitiUiif - €f efelef «; + 
if&hhM - ei'eieier ei +5i'eier5i5l - sr^UVsM - ^UUfsr - sl&fae^e, - iUUfefd + d&fe^ihl - 
«i«l?ici^-?id?lci??-cf?lci=s;+ef«!sicfci+?ieiei^d'cf-si«i«i'd€i«i+«i«i«i'dcic}-2€feiefds?«J+€feief«f- 

/:6/:6t2t2t2 I c6f6/:2/:2tl ot6t6/:2/:2cl I t6t6t52-2c22 t6/:6/:2/:22 ^6 16/:5 2-2^2^1 , ^6 /:6 /:2 /:2 ^1 I t6t54-2c2 c6t54t2^1 , 
^5^3^4^3^2 + ^5^3^4^3^1 ^ ^^5^3^4^1^3 + ^5^2^5 ^4^3 + ^5^2S4^3 + ^5^1^5 ^4^3^3 + ^5^1^4^3^3 + ^3^5 ^4^1 ~ ^3^5 ^1^3 + 



,6,54,2,2 I ,6,5 4,2,1 
-4i45 4443+4i45 4343 



,,6, 52, 2, 2, ,,6, 52, 2,1 
-^4i45 4443+-^4i45 4343 



and the parameters are subject to the condition 



(24) 
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Now the automorphism group of Qq i is comprised of the matrices 



V6f 



bl 
bl 



b\ 
b\ 






-h\u 
bl 






-h\u 
h\u 
bl 
bl 



blb\ _ _ 

hlh\ - h\hl - h\h\ + b%h\ {hlh\ - h\h\)u) 

tifbl ^ 0. Taking suitable values for u and the 6J's, equivalence by 
$ leads to the case = - ^1 - ^ = = = = = and = = ^ 1, ^2 ^ « ^ O: 



(25) 



where u G M, u 7^ and fe^fej 



a-1 
-{a - l)/a 







1 

a 

-1 





{a + 1)0 
—a 









-1 

0/ 



(« 0). 



(26) 



The Ja's corresponding to distinct a's are not equivalent. 

Commutation relations of m : [a;i,5:2] = (1 — a)x5; [xi^xs] — 



[xi^Xi] = -a{x5 + xe); 



6.2 



Case eiVo,e 

/ <1<4+'.2'.1 



J 



?3^ 







V 



r 

S3 



^4^ 



where jJ = + + + {«! - 

Ji = {{el+€|)«ki«f-(«i' + i)«id + {d-C3)ci«lc?)/(«r«3); 
ei)+{ci' + i+s|€l)€l«^K? + ((cl+«i)ci«f+«f€f )(ei-ei)(el-ej))/(e|«fe^); 



(ef+i)(crc.^) 



4443 



J? = (-((« 

JI = {{{{«!-«: 










(27) 



- cj)eic!))/(«f«3); 



T° - 

j| = Mil - il)iUf+iUM - («i 



-efei«??i)«l)/((«i^ + 
€f)«l-e^)€i-{{«i' + 
«3)); 



_t4,22_ 
51?2 



-efdc3)«3)/((«5' + i)(d 



(5i 



-e3)e3)((d+«3)5i«? + e!ef ) + ((d«5 + -e3)e!«i)d«f53 ■ 
- cj)ei«f€i)e|€f - ml - e^nf - (el - + (ei" + i)il 

and the parameters are subject to the condition 



Cf^4^C3^(el-^4^)^0. 



(28) 



Taking u 



1 and suitable values for the 



1=0 below. 



bys in 



(|25|l ■ equivalence by $ switches to the case 16.51 



6.3 Case ^ 0, 
/ 



a. 



+1 






fBTT- 

4.'i49 

?3 









\ 























CI 
cl 





4.^ 
54 


it 

-a I 



(29) 
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where jf = - e| + (e}^ + ■ 



:(-({2e*?i-efei)efei + {ei^ + i 



+ i)€5); and the parameters are subject to the condition 



(30) 



Taking w = j 



and suitable values for the 6*'s in (|25|l . equivalence by $ leads to the case where 

— e6 _ e6 

— ?i — ?2 



el = el = and = = 1: 

j = diag((_",i),(;v),(;v)) 

J is not equivalent to any Jq,. m is here an abelian algebra. 



(31) 



6.4 



Case 
/ 



J = 



V 



ei^ 




* 







el 




2 

4 




'IT 




ef 






* 




* 


e? 




S2 



* 



where ji = {{ei' + i)(ei-c;)ctel + («i-«i)(«;'+i)c^ei)/((ei' 
= - 1 - (ci + «;)«i)«5«l + + mUl))/((if + mi) 






\ 




















el 


it 


ef 


-el ) 



(32) 



J3 = {{ei^ + i)«f«l-(e;^ + i)«ici)/((«iVi)«f); 
Ji = + Dei - «f€f + 



(ei + c;)ei)«i?i5??I)ei + ((«iVi)«i-€?«f)(?i' + i)€i«f + ((«i' + i)€?cl + («i + e;)«iei€;)?!€??i)/(«^ Ji^ 
(-(((tti-«;)d«f-(«i'+i)«?)ci-(ci-«!)«3efd)ei+(e2ei+€id 



-({ei^+i)«i+{«i-«i)?i5l)e3Sf))/((€5''+ 



- (ep + i)«f - (ei' + + i)«f )ci + ((«i«i + - (?i +«l)€i«i)(«i' + + 
and the parameters are subject to the condition 



JJ = (-((((€i 

^12 



elefel ^ o. 



(33) 



Taking suitable values for u and the 6*'s in H25|l . equivalence by <i> switches to the case Ifi.ll more 
precisely e? = el = el = 1: ei = 0- Hence J is equivalent to Jq in with a — 1. 



6.5 Case ^2^0,^; 



0. 







e^^ 



e5— 



ei^ 



es^ 











where j? = (-((d - ilnfil - (d 
(-(((d+C3)«ic2 +cide3)(d -e3)ci - 



ifTI 



-JTTT 



(34) 








^4^3 
?4 S3 

-el ; 



(d' + i)dc3)«2))/((ci' 



€j)€i5iC^ + (5i' + i)€l«3)«3)/(«i' + i)(d 



+2(d - 
{(iLl+il)e.lil+(.lt 
= ((ci-ci)cfdcj 



53)45; 
53)(d- 

+ (d- 



53 + {«; 
-e3)ei + 



((«: 



i)d«3 + (d - d'csxd - €i)))/(d'«3); J| = 
'-«3)'ei'-(d-«3)'€id+(d-«3)(d''+i)d + 



ml 



3% = (mtHii - + eiei€^ - e?de3)«3)/((5i' + i)(d 



' d'c3){d - «3)C3 + ((d - «3)«5'd - (d - + 2(d - 
- - «?«2 - C3«i)d + («i' + i)el)e3)/((fi'' + i)(d - ej)); 
)); jS = (((d - - (d - ej)=€i«i + (d - ej)(d' + 
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?3)(?2^ + 1)); and the parameters are subject to 



the condition 



(35) 

• Suppose first ^| ^ —^3 , taking suitable values for u and the 6J 's in (^51) , equivalence by $ leads 
to the case where i\ = H = H = H =i\= i% = H = ^ = and ^1 = 1, ^| = /3 ^ 0, ±1: 





-1 





















{/3 - 








-/3/(/3 - 1) 




(/3^0,±1) 



(36) 



The J's corresponding to different /3, /?' are not equivalent unless /?' = is equivalent to J a 

in H26|) if and only if 1 



• Suppose now ^| = —^3 in (|34|l . Taking suitable values for u and the 5^ 's in H25|l , equivalence by 
$ leads to the case where $1 = ?| = C| = f ? = = = = and ^3 = 1, ^| = -1, ^1 = 7: 



7" - 





-1 






1 


7 

1 





-7 
-1 








\ 





-1/2 
/ 



(7 e 



(37) 



Commutation relations of m : [xi,i2] — ^s! [ii:2;4] — Sig! [^27 is] — 2i6; [^272:4] = ^27Jg; 
[X3,i4] = is. 

J" is not equivalent to any J a in nor to ||2U, and each J" (7 ^ 0) is equivalent to J". J(' 
is not equivalent to Jq . 



6.6 Conclusions. 

One has with obvious notations 

Xe,! = X52_^o U X^l^^io U •X^ji^o (38) 

and 

It can be seen that the formula (|23|l . which still makes sense for •Cf 7^ under the only assumption 
that ^1 ^ 0, yields all of X^2_^o- Hence X52_^o ^ 12-dimensional submanifold of M"^^ with a 
global chart. The automorphism $ = diag (1, 1, ( ^ ) 7 1; 1) switches ^| and ^4, hence X^i^^^o = 
-^Cl^i^o '^'""'^ is a-lso a 12-dimensional submanifold of M'^^. Consider now Xj2_^o- There are 3 subcases: 

il 7^ (which implies i\ ^ i\ from section (39) 
=0 and CsVel (40) 
=0 and il^il (41) 

To prove that X^2_^o a, 12-dimensional submanifold of W"^ , it is sufficient to prove that it is a 
local submanifold in the neighborhood of any of its points. Take any K G ^^f^o ■ K = {^j{K)). In 
case (I39|l . K € ^^^^0 and then, from the section IHtI Xj2_^q is a local 12-dimensional submanifold 
of M"^^. Suppose now K belongs in case (|40|) or 141|l . To solve the initial system comprised of 
all the torsion equations and the equation = —1 in in the neighborhood of K, one has 
to complete first a set of common steps, and then we are left with solving the system S of the 
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remaining equations in the 1 5 variables , > C3 > Ci > , ^1 , ^1, , ^1 , > Ci , C2 : ^3 . ^5 in the open 
subset 7^ of M^^. Among these equations, we single out the 3 following equations : 



(42) 



where : / = i-^eMi ~ aeMi + ^mi " ^^1^?^! " m + eici + a'mi + 
cie? +ef +e?^!)/(a' +1); g^j'l^ i-edmf-edmfe2 - 

e2HdeK?+eleiel-C2%^a+et^lC2^+^f el)/(e?(5f +1)); = j1 = (effieiei- 
ciciei - e^ae^e^ + me^e^ - edfe2 + eMm - e,'aei + a'e^es - ae, + ??ei)/(cf + 1). 

The solution J that's looked for is of type / hence belongs in one of the 3 cases (|39f) . 
(gni, (gTJ. If J belongs in case (gOl) or (gTJ, the system 5 is equivalent to the 3 equations 103). 
If J belongs in the case (|39f) . the system S is equivalent to the 3 equations H42|) if and only if 
c(J) ^ where c(J) = (^f + 1)^1 + ^UUI - (^| - CD^I^f - Now, if belongs in case (gO)), 
c(K) = eiiKmUKf + l) + a{K)a{K)) = ^ e?(^)el(^)(el(^)' + l) / O since in that case 

^5(^) = Jgji^) (el(^) -^3^^)) (see C3). If belongs in case JUJ, c(if) = e^KMiKf + 
1) ^ (see ()29|lV Hence in both cases, one has c(J) ^ in some neighborhood of K and the 
remaining system is equivalent in that neighborhood to the 3 equations (|42|l . We will now show 
that the system ()42f) is of maximal rank 3 at K, that is some 3-jacobian doesn't vanish. 

• Suppose K belongs in case (gni. Then (K) = - ^'^^If'l^I,^}^^^ ^ 0. 

• Suppose K belongs in case Then J^}lf{%J K) = -^1{K)^ ^ 0. 

Hence the system (|42f) is of maximal rank 3 at K, and it follows that X^2^q is is a local submanifold 
in the neighborhood of K. 

Hence X^2^q is is a 12-dimensional submanifold of R'^^, and so is Xg,! from H38|l . Any element 
of Xg,! is is equivalent to either J in (j2U, or Ja(Q! 7^ 0) in if^ . or J", or Jq in l|Tr|) . 



6.7 



dx^ dx^ dy^ ' dy^ dy^ 



6.7.1 Holomorphic functions for Jq. 

Let G denote the group Gq endowed with the left invariant structure of complex manifold defined by 
Jq HH). Then iJc(G) = {/ £ C°°(Go) ; / = Vj 1 j ^ 6}. As = -ii^X^; + {l-a)X;[), 

XI = -iaX:[ + {l^i)X:^, Xq = -iX^ , one has Hc{G) = {/ £ G°^ (Go) ; X r / = Vj = 1, 3, 5}. 
Now 

^1 = 2 — + *(a-l) ( — --—) -y^—-(y' + ix2)Tr:3 , 



dz^ \dx'^ a dy"^ ) dx^ dy 

~_ d . . d d 2 9 ~_ „ d 

where — x^ + iy^, z^ = x^ + iy^. Then / e G°°(Go) is in iJc(G) if and only if it is holomorphic 
with respect to z^ and satisfies the 2 equations 

2^ + ^f4L-|4Uf^+fl-^V^ + ^^') 14 = (44) 
5zi a \dw^ dw^J \ 2i \ 2j 2 dz^ 
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where w"^ — + ay^ — iy^. We set — z"^ ^ufl — . The 3 functions 

a 



if a = 1 and if not 



Q ^ ai — T- 2 l + *Qf/^5-N2 1 — a + + a) ^ 2 



3q:^ - 2a - 1 - zafo! + 1)^ , o,. 



2(a-l) 8(a-l)2 

are holomorphic. Let F : G ^ C"^ defined by F = [ip^ , , Lp^) . F is a a global chart on G. We 
determine now how the multiplication of G looks like in that chart. Let a,x £ G with respective 
second kind canonical coordinates {x^ ,y'^ ,y^), {a^ , , P'^ , (3^) as in With 
obvious notations, computations yield: 



w. 



L = wl + wl (45) 
= wl + wl (46) 
wl, = wl + wl-h'x'-iih'x'+a^y'). (47) 

We then get 
where for a 7^ 1 



X(a, x) = i (^((^1 + (^i)((l - z)a - 1) - a </72 + ^ ^'"^ ^a) 



1 2 — r ^ ^ a(l + iQ!) , {l-2i)a^-l ^ 



and for a — 1 



X(a, a;) = ^ {-^^Vl + 2*<pi - + 3,^2) +^ ^2 ^^g^^ _ l) ^1 + 8^2 _ 2j ^1 + (4 - 5*) . 
6.7.2 Holomorphic functions for J. 

Now J is defined in H31|) . Then / g C°°{Gq) is in Hc{G) if and only if it is holomorphic with 
respect to z'^ and z^ and satisfies the equation 

2^ = {z^ + y^)M. 
dw^ dz^ 

where — x^ — iy^, z"^ = x'^ + iy"^, z'^ = x^ + iy^. We set w"^ — z'^, — z^. The 3 functions 

11 22 S ^ 2 — 1~ ^ 1 — 1" ^ — 1~2 

(p — w , if = w , (^ =z/; H — It; w-^ H — w 

2 4 8 

are holomorphic. Let F : G ^ C'^ defined by F = {ip^, tp'^,(p^). F is a global chart on G, and 

^Ix = '/a + vl , 'pIx ^fl + fl , = fl + ^1+ X{a, x) , 

where from (|47fl 

X{a, x) = -ifil (2iipl - iifil + 2iplj + - (filtfl 



16 



6.7.3 Holomorphic functions for J". 

J" is defined in (|37() for any real 7. Here X2 — 1 ^4 — ^^^2 ^ ^l^i ^ 
Hc{G) = {/ e C°°(Go) ; X- f^Q V.7 ^ 1, 2, 5}. One has 

i_5 2 ^ 

Qiyi 9a:;^ ^"■^ 



I , hence 



d 



d 



d 



x: 



d 



— + iy^ 



u,3 ^ a;3 _^ ^y3_ Tj^g^ f g C°°(G'o) is in ffc(G) if and 



only if it is holomorphic with respect to w and satisfies the 2 equations 



The 3 functions 



(48) 
(49) 



are holomorphic. Let : G ^ defined by F = {ip^, (p'^,(p^). F is a global chart on G. Instead 
of H47() . we here have 



z«^ + u;^-6V-^(6V+aV), 



whence 
with 



fix 



'/'a + , fix = fl + vl + X(a, a;) 

7 Lie Algebra Qq^ (isomorphic to Ml). 



Commutation relations for Qq^ : [xi,X2\ = x^, [x2,X3\ = xq] [x2,a;4] = X5. 



J 



-4^ 



^4 




















-el 







^3 


* 


el 



where j? = {{ei - e})?* - )/i 







-- (-((€i - 



(50) 



((^3 



(-({{ei + + itil)iUt + aUi - €f?i)(€i' + i) + (€i + «;)€?«f ))/{«!'€?); 

(51) 



■ 2d?3?3)/?3^; and the parameters are subject to the condition 
Now the automorphism group of CJg g is comprised of the matrices 



$ = 





bl 














bl 


bl 








bl 


bl 


bl 








bf 


b\ 


bl 


blb\ 





bl 


b\ 


bl 


-bfbl 


bfb\ 


\bt 


b% 


bl 


-blbl 










blbl , 
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where 61^2^3 ^ 0. Taking 



/I 











1 







-((?f - 






1 



• + 2C|C|?i)/((5i2 , 



n 






1/ 



with suitable values for 6^,62; equivalence by $ leads to the case where Ci = ^1 = = 0. 

Then equivalence by 



leads 

<i> = diai 



to the 




/I 










mi 






where moreover 

i^UD/iif + 1) 
-iiUliD/af + 1) 











1 


0. 








1/ 



^2 — 0. Finally equivalence 
-m¥i)/if + ^)\\ leads to 



by 



J = diag 



-1 

1 



-1 

1 



1 

-1 



(52) 



Commutation relations of m : [iijXa] = — X5; [ii,i:4] = ig; [^2,53] = ^e! [ai2,a;4] = £5- 

From H5U|I . Xe^e is a 10-dimensional submanifold of M'^^. There is only one Aut Qq^ orbit, and 
any element of Xg.e is equivalent to J in H52|l . 



7.1 



dx^ dy'^ 2 dx^ ' dy^ dx^ dy"^ 



Let G denote the group Go endowed with the left invariant structure of complex manifold defined 
by J in Then Hc{G) = {/ G C°°(Go) ; f ^ Vj ^ 1, 3, 5}. One has 





= 2 L 


-y' — 

dy"^ 






= 2 L 























2 \ 5 ■ 2 d 



^ dx^ ^ dy^ 



where ^ x^ + iy^ , ^ x^ + iy"^ , — x^ — iy^. Then / 6 C°°(Go) is in Hc{G) if and 
only if it is holomorphic with respect to w'^ and and satisfies the equation 

„ a/ df ( (w^ -w^f .\ df 



The 3 functions 



1 1 2 2 1 / 1— r i^^) 

(f = W , ifi — w -\ — \ w 



1)2 

2 



48 

are holomorphic. Let F : G ^ C'^ defined by F = {ip^ , ip'^ , ip^) . is a global chart on G. We 
determine now how the multiplication of G looks like in that chart. Let a,x € G with respective 
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second kind canonical coordinates {x^ jx"^ ju"^ ,y^), {a^ , (3^ ,0^ , (3"^ , /3^) as in With 
obvious notations, computations yield: 

wL = wl + wl , wl, = wl + wl-ib^x^ , wl^=wl + wl + ^^x^-{b^-b''x^)y^+ia^y\ 
We then get 



where 



fix = vl + fl . vlx=vl + fl + \ vli'^fl - Va) , fix =fl + fl+ X{a, x) 
X{a, x)^^ i^D' (3^ - 2^1) (2(^)2 - {cplf + 8^) + i ^2^. 



8 Lie Algebra ^6,5 (isomorphic to M8). 



Commutation relations for Qq^q 
/ a 



IT 

-a 



[xi,X2] = X4; [xi,X4] = 2:5; [X2,X3] = Xq; [x2,X4] = Xe- 






b^ + 1 








,52 

is. 



+1 

■B — 



(54) 



where a = jj = 

((€^5*-25=5?)«f- 



(-m + 1)« 



(2«f + c?)5|e?)ef 



))/(C 

)/(«^ 



:«3); J5 = ((((« 

b = Ji = (-((«i + c^)€? 



= (MM 



= (- 



((ei + et)cf -5ict)=ei))/{c; 
parameters are subject to the condition 



= (-(((?: 



,6,6,42^,2 



6 t4,22s . 
55351 



J? = (-(«55? + + 535?)«5«3 - Ki' + ef ))/«6«35?)! and the 



(55) 



The automorphisms of fall into 2 kinds The first kind is comprised of the matrices 






















''i 
















b^ 


blb\ 











bf 


bi 





h%b\ 








bl 


bl 




b^bl 
-(bi+bl)bl 


bibr 





\bf 


bl 







bfb\) 



(56) 



where b\b\ ^ 0. The second kind is comprised of the matrices 





bl 













bl 
















bl 


bl 


b\b\ 











bi 


b% 


-b\b\ 


-b\b\ 








bl 


b\ 


bl 


-b\b\ 





-b\bf 


\bl 


b% 




b\{b\ + bl) 


~bfb\ 


/ 



where b\b\ ^ 0. Taking suitable values for the 6^ 's, equivalence by <i> in H56|l leads to the 



(57) 



case where 
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b 



= £,1 = = and moreover = 1 







1 









































mi) 





















4 c6c4 
3 ?5?3 




















t52 , 



where ^ 0. 



Commutation relations of m 



-i 

(58) 



[^2,53] = 

[52,^4] - — 



?5 ?3 



^5 5r 



■^(Cli ^5 1 )) "^(^3: '75: '75) in H58|l are equivalent under some first kind automorphism if and 
only if 77! = ^1 , Jyf = ? ^5 — • They are equivalent under some second kind automorphism if 
and only if ^ = ^{{HH - + 4 = -^f, 4 = mfUmi " £.1? + !)• 



From l|54|) . Xg 5 is a submanifold of dimension 10 in 



Each CS is equivalent to some 



8.1 



y 



2 9y3 



Let G denote the group Gq endowed with the left invariant structure of complex manifold defined 
by J(d,ef.4') in m where ^14' ^ 0. Then Hc{G) = {/ £ C-(Go) ; ^7 / = Vj = 1,3,5}. 
One has 



= 2 



where 



9 



2^ 



1^2 



(y^) 



w 



- Ay'^ + iy'^ 



?3 



6f4 

5C3y2 



74 2/ 

?3 



t5 
el 



„3 ^5 „,3 



1 - 



Then / g C°°(Go) is in H^{G) if and only if it is holomorphic with respect to and and 
satisfies the equation 



9/ - (1 + + it - Hit + 5/ 



2i 

2i 



it 



{l + iA)+i 



w + 



iii-mt) 



2i 



?5 



= 0. 
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The 3 functions 



It; 



w 



1\2 



,^3 „„3 I 1 TTT'^/ D„-e62(-52M2 ^^62^5^42 o„-e62/:42 ^-^6^53^4 , -^6^52,42 ^^6^52,4 , ncGcbM'^ 

4o?5 ^3 

+ 4^ef4'^3' - ^edf + 44'?3' - 2*Cf - " - ^^S.f " - ^3' " 2z) 



— ^u;i^(-zC5^4^^e3^ - 2CfCf ^3^ + ^ed^ + ^^f + + ^^1 + 1) 

1"S5 S3 



2ef 



are holomorphic. Let F : G C"^ defined by = {ip^ , ip"^ , ip^ ) . is a global chart on G. We 
determine now how the multiplication of G looks like in that chart. Let a^x ^ G with respective 
second kind canonical coordinates {x^ ^x^ .y^ ,y^)^{a^ , (3^ ^a^ , 0^ , (3^) as in (Q. With 
obvious notations, computations yield: 



^ ax 
,,2 



it 



i 



We then get 



2 



where C = (^i(*efe| - - + l))/{2it) + (v'K-ef 



62f5M2 ,-t62c42 



53 



2z^f ^1 ^ 2^52^4 + 2zCf ^ + 2zC|el + 2^1 + ^))/mfe3')■, 



■a-0)/(4aa'); 

6(^53^4 



e6<;5M2 



54 
5 



■2^ae| 



3et'-2eia-*ei+»el-3))/(i6e5%')+(^i(pi(aei-a-d+0)/4+(-*^^a)/2+(^r(*a'ad 



2/',-c63e5c42 



l))/(l6rel) + - - l))/(2a); 

^3 - - l))/(2ef). 



9 Lie Algebra ^6,8 (isomorphic to M9). 

Commutation relations for f/g^g : [xi,a;2] = X4; [a;i,a;4] = 2:5; [x2,X3] 



[X2,X4] = Xe- 



el 











el 














1 











t32 , 



?3 











(59) 
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where Jf = 



J"* 
•'2 



(-(((51 - eMum + 



etc???) - (Sl + ?f )?f«i«?)(«3 + Cf ) + ((«3 + + (St' + i)5t')5?))/((?l' + mUf); Jf 

C52c43t3 



2?65t$i?i$f - 2e,mfe^' - 2«?«i?i«f + m'e^' + + + e^^fe^'mi + ??))/((?!' + i)«i'«f ); 

((?4?|?3 +$4?3?3 +?3?3^ + $3)(?3 +??))/(?3^C?); and the parameters are subject to the condition 



6f4f33c22 



1^ 
J4 



(60) 



Now the automorphism group of Qq s is comprised of the matrices 




















bl 











bl 


b? 











bi 





blb\ 








bl 






blb\' 


blb\b\ 


bl 


bl 


-bibl 





bfb\ J 



where 62^} ^ 0. Taking suitable values for the 6*'s, we are led to the case where ^\ 
S,t — ii — it — ^ and moreover = ^| = 0. Hence any J in is equivalent to : 



el 



3' Cs) 





















-it + 






1) 








-(?l + i)/?t 




(61) 



J{vhvt) if and only if ^| = 77I and 



?l(- 



where ^7^0,-1. J(4',d) 

of m : [ii,X3] = -Cl^e; [^2,53] = (Cl + 1)^5 - Cl^e; [^2,^4] - ,42 -oi ^ 

From (|59() . Xe.s is a submanifold of dimension 10 in M.^^ . It is the disjoint union of the contin 
uously many orbits of the J(^|, C|) defined in l|61|l where ^3 ^ 0, —1. 



Commutation relations 
a^5 + ^4l^i6. 



9.1 



(9y2 Qx'^ 2 ' c?yi dx'^ dy^ 



Let G denote the group Gq endowed with the left invariant structure of complex manifold defined 
by J(^3, Cl) defined in H61|) where ^| 7^ 0, —1. Let Hc(G) the space of complex valued holomorphic 
functions on G. Then Hc{G) = {/ G G°°(Go) ; XJ' / = Vj = 1, 3, 5}. One has 

— 2 — , — 2 — , 

where = + 2/1 + iyi , ^ a;2_|| ^2^ « 2 ^ ^3 ^ ^3^^ 3 rj.^^^ r ^ ^oo^q^ 

S3 ?3 ?3 S3 

is in Hc{G) if and only if it is holomorphic with respect to w'^ and and satisfies the equation 
2 ^ - —^-{iw^ + B ^ ^ = 



where 




?3 



22 



The 3 functions 



1 1 2 2 «^ / 1— r ('^^)^ \ 

^ = , ip^^w^ + —{ w^w^ ^ 1 , 

are holomorphic. Let F : G ^ defined by F — {cp^ , ip"^ , ip^ ) . F is a global chart on G. We 
determine now how the multiplication of G looks like in that chart. Let a,x £ G with respective 
second kind canonical coordinates {x^ , , x'^ , y'^ , , y^) , {a^ , f3^ , , P'^ , , (3^) as in (Q. With 
obvious notations, computations yield: 

1 111 2 2i2i;,ll?3~* 

S3 

wL - wl+wl-b^x'+b'^^-a^y'+^^i±^(^^x'-{b'-b'x')y' 
We then get 

where 

X\a, x) = p>l (2iC|^ + {(I - zCa^)^!) , 



X\a, x)='- pIpI + -i-j {^IfiHf - (el - *)(3e3' + Ua - Vl) 



16^1 



{^lf{-eM-^^l)-^e^+e^-'2^) 



^ VaVa - — 



4?: 



M + ll 2 

o r a 



10 Lie Algebra MIO. 



Commutation relations for ilflO : [xi,a::2] = a;3; [a;i,X3] 

[X2,X4\ = X^. 



xs; [xi.Xi] = a^e; [a;2,X3] 



10.1 



Case el 7^ a- 



\\1 



where jf = (a^iUl - 







































-a 








el 


* 


r 


r^ + l 
b 






b 


— r 



1)«3 



(62) 



-€3'c?){ef+i)-(et'c?-53'cfei-€3'5?ci+25?cic?K|)ef +(€;'+!+ 



5f)«fe?Ki)/((«3*5;-«i5?)' + (st-ef)')et); 



rtS, 42, 4,2*12 ,,6f42,4>2 ,6,42,3,3,22 



-6 c4 c4 c2 2 c4 (;4 1 1 2 
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t6i42,3,23 ,6,42,3,2^12 ,6,42,3,2 , ,6,42,23,1 ,6,42,2,13 ,6,42,2,1 0,6 ,4 ,3 2 ,2 2 ,1 ,,6,4,22,1 ,6,43,2,12 
^2^3 ^3^1 +^2^3 ts^l^l +^2^3 ^3^1"i"^2^3 ^1 ^1+^2^3 ^1^1 +^2^3 ^1^1~^^2^3^3 ^1 ^1~^^2^3^1 ^1~^1^3 ^I'^l ~ 
,6,43,2 , ,6,42,22,12 6,42,22 ,6,42,14 6,42,12 6,42 ,6,4,32,2,12 ,6,4,32,2 ,6,4,2,12 ,6,4,2 ,5,43,3,12 
5153 Sl+?153 51 51 +5153 5l +5l53 5l +^tit3 ^i +5l53 —41*343 4if:i "515353 41 " 5l535l5l — 4l434l— 4343 4l5l - 



,6,32 ,12 

5353 51 



,6,32 
5343 



,6,12 ,6 , ,5,42,3,2 ,5,42,2,1 

5351 +43+5343 4341-4343 4l4l 



-aaUl - €i€f )«? + (el'' + i)e3)53 - «f + i)€?e;)/({{et - - al^ + i))et + + i)5f ); j1 = (-(((s^ei + iUl - 

b = jg = -({?tep + - 2e|5?«; - 25? )e| + («f + mf)/mi - «? )«? - + + (if + i)€f ); and the parameters 
are subject to the condition 



l2 



(63) 
(64) 



Now the automorphism group of MIO is comprised of the matrices 



Note that 6 7^ since Num(6) = - where F C| 



bi 
bi 

^bf 



-blu 



bl 

bi 
bl 
b% 






22 , ,l2^ 





blb\ - blblu + b\b\u + b^bl 
-(blbl + blb\u + fef 6fn - b^bj) 







bf+b\^ 
bl 
bl 



-[bf + b\^)b\u {bf+b\^)bl 
(fe?'+6i')bfn {bf+b\^)b\J 



(65) 



where v? — 1 and 6^^ + ^1^ 7^ 0. Equivalence by a suitable block-diagonal automorphism IjGSII leads 
to the case = and we then can suppose < ^ 1. Equivalence by 



/I 





1 








1 




o\ 






1 






1 





1/ 



leads to the case where moreover = 0, ^* = 0. Then, equivalence by 



(66) 



/I 



















1 




















1 




















1 








bl 


bl 







1 













Wit 





1/ 



with suitable b\, b\ leads to the case where moreover = 0, = 0, ^| = 0, = 0, ^2 = 0^ = 



J(^?,?l,e3^) = diagn ° * 







?3 




(67) 



where 



and T = m + mi - mm)/{mi ~ 



2 . ,^.2^ 



mi 



(68) 



& = -m - 2e?)ei + {it + )/((cie? - - + (el + i)e?)- 

Now suppose JiViTVi^Vs) = 'I' ^"^(^i i Cf: 'CD'J' where $ is given in and the ?7's and ^'s satisfy 

j2 -, ^^ ,/^2/l22 , , l2x 



-v(Cl^e3^el)1>, one gets J2} = (&?6}(cr-i))/(c?(&r 



From these formulae, we see that 



(|?^ . Computing the matrix J2 $ 

J22 = _(622 + ^l2^22)/(^2^(^22 ^ ^1^))^ j^, _ 

a necessary condition for equivalence is that 77I — —ut,^ [u = ±i) ana rj^ — (,3 
change the sign of we conclude that u = —1. Now to keep J2} = 0, one must have either 



{u = ±1) and 77! = As u = 1 would 



24 



or blbj = 0. If = 1, or if < 1 and bj = 0, then tjI = and 77I = 77! = If ^2 < 1 and 
bl = 0, then rjf — > 1 which is contradictory. Hence J {Vi j vi ^ V3) ^^id ^(^1,^31^3) are not 
equivalent unless t;^ ^ ^2 T^f = = 

1)^5 + Clef ie; [£1,54] = Clefts + 



Commutation relations of m 



^1,^3] = 



?3 



^^5 



1 ~ 
- 3^5 



If is. 



10.2 Casee| = e?,a = eJ. 

In that case one has necessarily = 0. 



J = 



/ 



CI 

























-a 



(69) 



where jf = (-(ei - cief + (cirf + «?c?)«i - ); Ji = + «f ?f + - - eiei???? 

the parameters are subject to the condition 



and 



(70) 



As in the preceding case, by equivalence by a suitable block-diagonal automorphism, we can suppose 



^5=0, < ^ 1 and then equivalence by leads to the case where moreover 
Then equivalence by 



/ 



$ = 



cf/e? 



leads to the case where moreover = Oi = Oi ^ 0' d = 



J(^^46)=diag 











o\ 







1 







1/ 



1 

"If 



(71) 



and the parameters are subject to the condition 



ei = ±1, < ^1 ^ 1. 



(72) 



As in the preceding case, we can see that J{r]l,ri^) and ^(CiiCs) a-re not equivalent unless rjl = 
?i ) ^5 — ^5- Commutation relations of m : m is abelian. Since m is abelian, no ^(Ci 1 ^f) is equivalent 
to any J(e?,?|,?|) in lEZJ. 



10.3 caseci = ef,e3Ve!- 

In that case one has necessarily ^ — as well. 



J = 



it 



_ei!+i 

k 



6^ 



il 





,32 



?5 



-TO 



(73) 
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where k 



^5 



?5 ?3?1?3 



C62t6t4tl2 I t62t6c33 I c62c6c32tl c62t6c3cl2 *62c6a13 -6 c 6 c33 c3 i c6 c6c32 ^3 cl i f6 c6 c3 c3c12 t6c6f3cl3 
?5 S3?lSl +?5 ?2?3 +?5 ?2?3 ?1~';5 ?2S3^1 "'SS ^2?1 ~^5?3?3 ^1+'S5^3?3 +?543?3^1?1 ~?5?3?1?1 ' 



C63c6c34t3 
?5 ?3?3 ?1 
62c6c4c32cl3 



e62f6f35cl I c62(;6c34cl2 _ c62/ 



■ ?3?lS3 ?1 



<;62e6c4c3cl4 I c62(;6f4fl5 _i_r,c62f6f35cl I c62(;6c34cl2 c62t6t34 4c62f6f33cl3 9c62c6c32 cl* 1 9c62 c6 c32 ^ l2 . 
?5 S3S1S3S1 +?5 ?3?1?1 +^?5 ?2?3 C2S3 Si ~S5 ?2?3 ~^?5 ?2?3 ^1 ~^S5 ?2?3 Si +^?5 S2?3 Si + 

9c62c6c3cl5 I (;62c6cl6 t62c6cl4| c62c5c35c3 cG'^ eS'i c3 cl 9c62 c5 t33c3 cl2 , 9^62 c5 c32 c3 cl3 , c62 c5 c3 c3cl4 

S2S3S1 +S5 S2S1 ~?5 S2S1 +S5 S3S3 Sl~S5 S3S3 SlSl~^S5 S3C3 Cl?l +^?5 S3S3 ?1?1 i-?5 S3S3S1S1 ~ 

2^uume,' + «f«i«?«j' - «f«f«??ii' - ^uf&/if - iuuf + ^uf&/if + «f«?«i*?i + 2«f«6«i^?i^ + 
s^Hfei* + 8«f«f?i'?i' - mufe^' - i2^uHfei' + s^utmi' - 2mHi')/m + e^rm - ei^^fy, 

^Ul + ?f?f«i' - 2?f?|?f + - m' + 2?f«i«! - + «i) + - 

(l? - mil - - i\f + «i + i\?ifm)im + ?J)'(?f - HfiW 

i\? + «| + ?J)2«f - T6 _ r_rr^62^6^3 ^ ^62,6,1 _ ,6^5^32 



J4 



({(?f'?l?l 



(.m\ - mi ■ 



J! 



25f?|€|€j -?f?|?J^ -?f?|^ + 2«f«i^^J -?f?33?p){?33 + (^33^1 - -?i)2Cf))/((«i -?i)«f ); and 

the parameters are subject to the condition 



(74) 



As in the preceding cases, equivalence by a suitable block-diagonal automorphism leads to the case 
= 0. Equivalences by successively 



/I 
















1 









1/ 



and 



/ 



1 




-«?«i/(€f?|) 







1 













1 



S3 








1/ 



lead to the case where moreover = 0, = and H = 0, = 0, = 0, ^§ = : 























S5 
























f3 
S3 


+ i)/5f 















S5 


-CI 







V 














(cf- 


y ml 



















-((cf' 









-2)5f'+5f + l)/(Cf?f) 

-(€f + i)(€f ~i)/Ci 



(75) 



Computing the matrix J2 = $ where $ is given in H65|l and 6^ 



1, one gets J2f 



u, J23 = ^5^. Hence if ^5 ^1 we are back to case 1 (jlO.lll . Finally, if ^5 = 1, equivalence 



by $ = diag(l, —1,-1,1,— 1,1) leads to the case where moreover = 1 



J(C|) = diag 



1 

-1 



^3 rf^ 
-1 







(el + 0). 



(76) 



J(^|) and J(?7|) are non equivalent unless 77! = ^1, and J(^|) in (|76|l is equivalent neither to any 
J{il , il , 4') in E3 nor to any J^H , ) in GU • 

Commutation relations of m : [a;i,5;3] — — Cl^e; [^1,2:4] = — Cl^^s ^ Cl^^jg; [0:2, 2:3] = ^"^l^s; 
[22,24] = -Cl ^5 +^3^6- 



10.4 Conclusions. 

To solve the initial system comprised of all the torsion equations and the equation = — 1 in 
M^^ in the 3 cases 1 pu.lf) . 2.1 (|10.2|) . 2.2 pu.3|l . one has to complete first a set of common 
steps, and then we are left with solving the system S of the remaining equations in the 12 variables 
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Ci\ ^1 , > ^5 in the open subset ^1^1^? ^ oiR^\ Among these equations, 

we single out the 2 equations 13|6 and 14|6 which read: 



I / = /l3|6 = 
I 5 = /l4|6 = 



(77) 



where : A3I6 = mi + ^1) + ~ fl) - + and A4I6 - (ff (fl^? ~ fl' - 1) + ^1^(4' " 
Ci) +C3'?3?i +^3 ~ (?3 + l)'?i)/'?3- III each of the 3 cases, the remaining system is equivalent to the 
system ()77|l . To conclude that Xmio is a 10-dimensional submanifold of R^e^ -^yj^ j^g sufhcient to 
prove that the preceding system is of maximal rank 2 at any point of Xmw^ that is in each of the 
3 cases some 2-jacobian doesn't vanish. In case 1, one has ^^{^^g) = — ji (((C3 ^ ^ iCi'^ + 

ml + i^f + m) ^ 0. In case 2.1, one has = (f, " + if ^ if ^ 0. If = 0, 

= (^5 — Ci)^ and ^^{^^1^ = (C5 These 2-jacobians cannot simultaneously vanish. In 

case 2!2, one has = ^ if ^ If = -^|, ^^|;f|y = -if ^ 0. 

Hence the system (|77f) is of maximal rank 2 at any point of Xa/iq, and Xmio is a 10-dimensional 
submanifold of R^e 

Any CS is equivalent to one and only one of the following : ^(CiiCliCl) i^^ Ht)7|l or ^(Cii^f) in 
(|nj or J(^|) in r^ . 



10.5 



1 5 2 ^ 2 , 5 ^ _ ^ 2^,2^ 



Let G denote the group Go endowed with the left invariant structure of complex manifold defined by 
Jimiil) in (123 with conditions Then Hc{G) = {/ G G°°(Go) ; Xr f ^ Vj = 1,3,5}. 

One has 

Y- O ^ 1 ^ / 2 , -^2 2N ^ f {y^ f . 2 -£2 2\ ^ 



-^3 — 2-== , — 2 ■ 



where 



=a;2-^y2^-^y2 ^ ^,3 ^ ^3 _ i; ^^3 _^ ' 3_ 



Then / G G°°(Go) is in Hc{G) if and only if it is holomorphic with respect to w'^ and and 
satisfies the equation 

9f ■i-2 — df 1 



-4^ (z(c + ^?r) + + fo) - (i(-c + ifr) + £,1 + b) 
where c = i^lC?^ - ilr + iS,l + iiUfr + £.IS,f + 6^3- The 3 functions 



1 1 2 2 ^ii 1— i^^f 

ip = W , if — w — \ww^ 



= u;3 + _ (^(u;i)3^2(c + ib) + iiw^)"^ (f {i - r) + 12u;iu>2(ic + i^lr + il + b) 

+3^wi^e?(-c + 2ilr - 2iil - ib) + 12(^ + w^)w^{-ic + i^lr + ^1 + 6)^ 
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are holomorphic. Let F : G ^ defined by _F = {(p^ , (p"^ , ip^ ) . is a global chart on G. We 
determine now how the multiplication of G looks like in that chart. Let a,x G with respective 
second kind canonical coordinates (x^, x^, y^, a;'^, y'^), (a^, /?^, a^, a'^, Z?'^) as in (0). With 
obvious notations, computations yield: 

2 2 I 2 il 1 

Wax = W^+W^-b X 



We then get 
where 



X'ia, x) = 5! .,2. .2. {plf 



1 



with 

Di = iVaiuf^f - ^if + mtiUf - 7iiUUl - 7c|ef - + 4c|'?f + 4ef ) + i^i (-4c|'ef + - 
i?^= -i(</'i)' - 2d?f + 2«| + - 2i«i«f - €?) + 4i<^i<^i + mf - ?3 + - 2*«|?? - - 

S-fil (if + - 2i?| - 1) + 8^2 (^42 + ^32 _ 2^33^2 + 1) _ 2 (^42^2 + 3^4^22 _ 2^4 + ^32^2 _ 3^^352 _ 2^2). 

In the case of J(Ci,^5) in where = ±1, and < ^ 1, the preceding computations 
apply with ?' = 0, 5 = ^f, = 0, ^| = The only difference is that we get now 

with - -*^(3efe? + 7) + lipi i^ei + 4); i^2 = -ti¥a)' (3^?? + 1) - &^¥a^i " 8^ fe' " C?) + 

In the case of J{^i) in (|76|l where ^1 ^ 0, the general computations apply with r = 0,b = 
1,^1 = = —1. The only difference is that we get now x'^(a,a;) = (-Di (Px)'^ + 1-^2 'fix) with 



11 Lie Algebra M14^(7 = ±1). 



Commutation relations for Ml4-y : [xi, ^3] = x^; [xi, 0:4] — xq; [x2, xs] = X5; [2:2, X5] = JXq. M14_i 
has no CS. We consider the case Afl4i. 



/_0_ 







-ml 











(78) 



where J| = 

C62g33_ 



(({€r«i'-3?i«f«i«f' 



6(^3^3 _i_ q £-6 2^3 2 (^3 



32. 



''3 
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?5'«l+«l«6«f- 

cfcfci + ami 



if if 

parameters are subject to the condition 



•'3 



^6 



46*5 ?6 



= ±1 ; el ^ 0. 

Now the automorphism group of Af 14i is comprised of the matrices 



€|)/?f ; and the 



(79) 



V 



bl 


bfu 













bl 


-blu 




















bl 











bf 

- blk)u 




bi 


bpl 


blblu 





bfu-blk 


bl 


blb\ 


-bplu 
-{blb\-bibl)u 





bl 


bl 


bl 


blbl + bib\ 


{bf+btnj 



where {h"^ + b\^)hl ^ and u — ±1, /c G M. Taking suitable values for the 6J's, equivalence by $ 
leads to the case where = Cl = = = = ^6 = 0. Then equivalence by 



/ 1 























































-mi 


1 











-1/2 








e. 




















leads to the case where moreover = 0, = 1, = 1 



/O -1 

1 







\o 













€i 




0/ 



±1. 



(80) 



The 2 matrices corresponding to 



Commutation relations of m 



±1 are not equivalent, 
[iijis] = xa; [iijie] = -^1^5; [^2,53] = is; [52,^6] = ^1^4- 

From l|78|l . Xmi4i is a submanifold of dimension 8 in R^^^. There are only 2 orbits, and any CS 
on Af 14i is equivalent to one of the two non equivalent structures in (|8()|l . 



11.1 



X ^ — -x^ — - ^ — 
dx^ dy"^ dy^ 



d 
9yi 



dx'^ 



dy^ 



Let G denote the group Gq endowed with the left invariant structure of complex manifold defined 
by J(C|) in (jHOJ, where C| = ±1. Then Hc{G) = {/ G C°°(Go) ; Xr f ^0 Vj = 1, 3, 5}. One has 



2^ 



_d_ 


■ 2 9 -3 
— IX -— ^ — IW 


d 


2 







x; 



2^ 



x: 



2^ 



iy^. Then / G C°°(Go) is in i7c(G) if 



where w — x + iy 

and only if it is holomorphic with respect to w'^ and and satisfies the equation 

o 9f 



0. 



The 3 functions = 



o3 — 



w'^ are holomorphic. Let F : G — > C'^ 



defined by F = (cp^, c/?^, c/?'^). F is a global chart on G. We determine now how the multiplication 
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of G looks like in that chart. Let a,x G G with respective second kind canonical coordinates 
{x^ , , , y"^ , , y^) , {a^ , (3^ , a"^ , f}"^ , , P'^) as in (Q). With obvious notations, computations yield: 



ax 



'jL = wl + wl-ieei-b^x^ + ^a^x'^ -a^y^ + la^y'^) 



= wl + wl-a^y^ +ia^x\ 

We then get 

^L = ^i + ^l : flx^^l + ^l + X^{a,x) , ipl^ = tpl + tpl+x^{a,x) 

where 

12 Lie Algebra M18^{j = ±1). 

Commutation relations for M18^ : [xi,X2] — x^; [xijXs] — X4; [xi,X4] — xq; [x2,X3] = x^; 
[x2, X5] = ''yxQ. M18_i has no CS. We consider the case MI81. Then J is the same matrix as (I78|l 
and the parameters are subject to the same condition 179|) . This comes as no surprise, since the 
commutations relations of MIS^ are simply those of plus [xi,a::2] = X3, and any J e Xmisi 

has = = for 3 ^ fc < 6 and = = 0. 

Now the automorphism group of A/I81 is comprised of the matrices 





h\u 


bl 


bl 


b\ 


b\ 


b\ 


b\ 


\b\ 


b\ 



\ 

00' 

-(hf +h\^)u 

h\h\-h\h\u -(hf + h\')h\u -{hf^h\')h\ 

hlh\ + h\h\u -(hf + hf)h\u {hf + h\^)h\ 



where &^ +6} ^0 and u — ±1. Taking suitable values for the 6*'s, equivalence by $ leads to 
the case where ^1 = 0, ^| = 0, ^| = 0, = 0, i\ = 0, = 0, = 0. Then equivalence by $ = 

diag(l,^2 ^VlClUiViell, ^IMlUim?) leads to the case where moreover ^ = l,^f - 1, that is 
the same matrix J(fg) as in H8U|) with the same condition. Again, the two matrices corresponding 
to — ±1 are not equivalent. Commutation relations of m : [.Ti,i3] = i4; [ii,i6] = —^x^\ 
[52,^3] = is; [i2,i6] = (^x^. From (|78|1 . Xj\/i8j is a submanifold of dimension 8 in R^^. There are 
only 2 orbits, and any J £ Xa/isi equivalent to one of the two non equivalent structures in H80() . 

12.1 

9 ^ d 2^ li2 9 ( 2 ^ \i\ ^ 

Y ^ 2 ^ 3 ^ 

-^2 "71 1" o" o" ■ 

ay^ ox'^ oy^ 

Let G denote the group Go endowed with the left invariant structure of complex manifold defined 
by J{Q) in (EOJ), where ^| = ±L Then Hc{G) = {/ £ C°°(Go) ; ^7 / = Vj = 1, 3, 5}. One has 

d , d 2 d /I i2 . 2\ 2 1 i3 . 3\ 9 

X3- = 2^ ,X,-=2^ , 
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where = + iy^ , w'^ = x"^ - i^g , ^ - iy^ . Then / £ C°°(G'o) is in Hc{G) if 
and only if it is holomorphic with respect to w'^ and and satisfies the equation 



The 3 functions 



. 1 — r /„ i2 



'3 - -3 I 3^1 -3u;iwi + (wi)2 



48 

are holomorphic. Let F : G — > defined by F = {(p^ , ip'^ , (p^) . F is a a global chart on G. We 
determine now how the multiplication of G looks like in that chart. Let a,x € G with respective 
second kind canonical coordinates (x^, j/-^, x^, y^, a;'^, y'^), (a^, /?-^, a^, a'^, Z?'^) as in (0). With 
obvious notations, computations yield: 

= wl + wl 



+ iCfi + 6 - 7: a + 7: & a;^ + - b'x' + -b' x'y' - -y' {a' - b'x') 

2 6 6 2 2 



,3 _ „„3 I „„3 , 1 „,1/„2 „•( "'^^^l^l^ „2^1 



Wa. = < + + 2 ^ 2;^ - y^(a" - b'x') - i b'x 
We then get 



where 



xHa,x) = |(^i)3(^_^i)+|(^i)2(4(^)2„3(^i)2)^_l_^^^i^|^3^^ 
where 

+ i ((^)^ - 4(^)Vi + 8(^)3(^1)2 _ 4(^)2(^1)3 

-64(^) - 64^^i + ^(^1)4 - 256(^ - p^l) 

D3 = ((^)' - 4(^)V1 + 8(^)2(^1)2 _ 4^(^1)3 „ 64;^^3 _ g4^^i ^ (^i)4^ 

- 32(^)2 - 16(^1)2 + 64^^i + 128»(^+ ^2)^ 

13 Lie Algebra M5. 

Commutation relations for Mb : [xi^x^] = x^; [xi,X4] = x^; [0:2, X3] = —Xq; [x2,X4] = 2:5. This is 
the realification of the 3-dimensional complex Heisenberg Lie algebra n [Zi, Z2] = we get by 
letting xi = Zi,X2 = -iZi,X3 = ^2, 2:4 = iZ2,X5 = Z-^.x^ = iZ^. 
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13.1 Case if + if ^ 0. 



/ 






ci 




el 















el 





* 


* 


* 


* 





* 


* 


* 







* 


* 


* 


* 


el 








ef 




?4 




el 










,52 



+1 

— 



-ef 



(81) 



where jJ = {- 



«f€3)ei)d))/((ele3-eie4)«5); 



«1 - «isj)d - 
-(((«? -del 



(«i - - (if + i)(d + «3)«i 



2if iUl-2iihlil + 3iiiie4ih-2iUlhi)iit)il-(ei^il-eiiie4 -111^3^1+ 2iihl- 2 



4 = (-(((cf 



(5f d' - 25f dd 



t = (-((((d - d)€5 - 2dd)(d - d)dd + 
h ii\r + 2d'dd - 2ii\r + 2ef dd + 
(d^d-ddd+2ddd-2dd^)«5d)d+ 



ddd + 2dddd - 2dddd + 2dddd 
«i^d^ -2€|d^d +2€iddd -2«iddd +dddd -2dddd +3«iddd)d - 
(€i"+i)«idd+ddd-ddd+ddd-ddei+dd')(d+d)+{2{de;-dd)d+(dd-dd)(d+d)){d-d)€f - 
(((ddd - ddd + d'd + 2d=d)d - (d + Dcd - i)dd)d - (d' + d')d'd - (d'd' - 2dddd + d'd' - d' - 
dddd+ddd'+dd+d'd'-dddd+d')d)cf))/((dd-dd)^«i); Ji = -(ddd-ddd+dd'-ddd+(d+ 
d)dd - (d - d)dd)/(dd - dd); j| = ((dd - dd)d + (dd - dd)d - (d + d)dd + (d - d)dd)/(dd - dd); 
•I? = ({{(d - d)d - dd)(dd - dd) - (d - d)ddd + ((dd - dd - dd)d + (d^ + i)d)d)d + ((dd + dd)d - 
(d' + Dd - dd€j - ((€id - «id - dd - dd)«id - (d' + ixd + d)d)d)/((dd - dd)d'); Ji = ((((d - 
d)d - 2dd){d -d)ddd +d'dd' - 2d'ddd +d'dd' - 2d=dd'd +2d'dd'd -2d'dddd +2d'dddd + 
dd'd'+2dd'd'd-2dd'dd'+2dd'ddd+dd'dd'-2ddd'd+2ddd'dd-2ddd'dd+dddddd- 
2dddddd +3dddddd +d'd'd +2d'ddd +d'dd' - iVe^e^e, +i.re,e,iiii - 2ire,iiiii\ +d'ddd' + 
dd'd +2dddd +ddd' + (ddd -dd«; +dd')d'd - (d'd -ddd +2dd«; -2dd')ddd - (ddel -ddd + 
ddd - dd')(d + d))dd + (d' + (d + d)'dd + (2(dd - dd)d + (dd - dd)(d + d))(d - d)d'd - ((dd + 
dd)(dd-dd)-(dd'+ddd-2dd'+2ddd-d'd+ddd+ddd-2d'd+2ddd-ddd)d)(d'+i)(d + 
d)d + ((dd + ddxdd - dd) + (d - + ((dd - dd - deDd + - d)d' - (((dd«; - ddd + 

d'd+2d''d)d-(d+i){ej -l)dd)d-(d'+d')d^d-(d'd''-2dddd+d'd''-d'-dddd+ddep+dd + 



d^d^-dddd+d')d)d^d-(((2ddd-2ddd+2ddd-2ddd-ddd+ddd+2ddd-(dd+2dd)d)d- 



(d -d)''dd - (2d^€; -2d''dd -2d^d«; +3ddde3 -2dd''d))dd - ((Af/il-ile.le.l+iV's.l-e.le.lil - (d^ 
2dd)d)d + (ddd + ddd - dd' - dd' - (dd - dd + 2dd)d)d)(dd - dd) - (((dd' - d - ddd - 
i)d)d - (ddd +dd' -d)d+(ddd +2d'd +d'd)d)d+(d'd' -2dddd +d'd' +d')d - (d' 



-d' + 
(d' + 



d')d'd)d)d')/((dd- 



,2,1,2 
;8, 



: (-mAi-iUi-iM-iiiina - (d' + i)(d +d)d)d - {iM^i-iiiin + 
id)-(dd-d')dd+(d'd-ddd+ddd-ddd)d)d))/((dd-dd)d'); 



«''d+((de 

jS = (-((ddd - ddd - dd' - 2ddd + ddd)dd - (d' + i)(d + d)dd + ((deJ - dd)d + (dd - dd)d)dd + 

((ddd-ddd-dd«;+dd' + (d-d)dd)d+(dd+dd)(dd-dd))d))/((dd-dd)d'); and the parameters 
are subject to the condition (^f + ef )(e4e3 - el el) 0. 
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13.2 Case ^ 0. 
13.2.1 Case CfCl 7^ 0. 



J = 



/ * 



where the parameters are subject to the condition 



(82) 



- mi + cDei + iae2 + + mi)mm - 

The starred J"s are smooth rational functions 



with C2 = maa + e^e^i + ci^i^dci 

under condition H82|l . However we do not give them here, as some are huge and we do not have 
explicit use of them in the rest of the paper. We refer instead to ([7], pp. 133-136). 



13.2.2 Case ^2^1 7^ 0,^1 = 0. 



J = 



it 











-a / 



where jJ = (-{(if + + + itiiii + (d€i + eid + (d + d)d)€i))/(€5€f ); jI 

- («1 + «?)d))/??; J? = {{d€i + eief + (d + + (ci^ + + jI = {-(e^el + e^cf + eiei + 



(€i' + i)'(€i + ei)' + ((ei + + 2d?i)(«i + + (cf ei' + ddei«f + + (ci^ + «r)de?)ef )/«f dcie?); 



,62,5,22 
■ 55 4551 ■ 



,62,32,2 
■ ?5 t4 52 



,6 2,2,2 2 ,,6,5 2,3,3 
55 5251 + ^5555 5453 



■ 2€iei"dei 



,,6,52,3,2 I ,,6,52,2,2 

■ ^5555 5351 + ^5555 5251 ■ 



,6,5,32,2 I ,6,5,3,22 ,,6,5,3,2,2 ,,6 ,5 ,2 2 ,2 , ,6 ,3 2 ,2 ,2 ,6 ,3 ,3 ,2 2 . ,6 ,3 ,3 ,6,3,23 ,6 ,3 ,2 ,22 . ,6 ,3 ,2 , ,5 3 ,3 2 
555554 5i+t5t5t4ti - -^55 4563 4251 - ^554542 5i+t544 52 5i - ts 54 ^3 ^2 +55 54 53 -55 44 52 " 45444241 +454442 +45 43 " 

ei' + sUf + 2«i«i4i + sUf + «|«3«? + 4i«i«f - 



,,53,3,2 I ,53,22 , ,52,3,3,2 , ,52,3,2,2 ,52,32,2 ,,52,3, 

^45 4342 + 45 42 + 45 444341 -t- 45 44424i — 45 43 42 — ^45 434 



2,3,22 
4342 
5,3,3 , 



ifii - 24i«i" -«i'))/(4i4l4i€f ); jf = ((sfds? + ?!«?' + «idei + 4id4i + 2(ei + + (^f + i){4i +4i)^ + (sr - 



4r + 4^4i)4g4J)/(4l4J4D; 



(df + iM+ih + (Sid +«5«? +d5i)«i)/(«6«?); 



i)(d + 4i)4i)4? + (4l4i + d4f + (ii + 4?)4i)(4i4f - 4f 41)4^)41 + (if if ■ 



if' 

,22 
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+ (4i' + €f)d«f)eid-((4i'- 



i)(4i + 4i) + 4i4i4?)5?d4i)4i + ((((d + d)d + 24isf + 2?f + 2){d + 4i)dsf + 4f d4f ' +ifil^ + iff if + 2465=2^3^2 . 

5i4i'4f _^ 24i4|4324i + 4^4id4i€? + ^ifffiij + 2ef dd + 2d'dd + 2d'dd4i + 24i'd4i' + 2ddd + 2dd4i)ei ■ 
(4i' + i)2(4i + 4i)2 + ((d + d)d + 2dd)(d + 4i)d)d))/(«6''dd4!); 



J| = {{{{4i4f + 2i^iiii + i^ii^ + 25ge^e;^ + 2i^iiii + ii^'i + iiii^ + 2(i'i - ii)(ii + ii)ii)ii + al + iixa - iOiU'iHt + 



t6,2 2 



32,2 , ,3,22 _ 



(if + i){dd + d4i + dd 



■ if)(4 + d))4! + (dd - dd)(4! + d)d'4! + (ddd - dd^ + d 



(42 



■ff 



i)4i)4f e!d - (((dd - d4i - if + (d + d)d)d - (d - il)itfi)^l - (dd - dd + 1 + (d + ii)il)itil)itii)/(ifiliiily. 

1^ — I ff62,6,3,2 I ,6 2,6 ,22 , ,6,6,5 ,3,3 , *6,6,5,3 ,2 , ,,6 ,6,5 ,3,2 , ,,6,6 ,5 ,2 ,2 , ,6,6,3 ,3,2 , ,6,6,3,2 2 ,6 ,6,3 ,2 2 
•J3 — V — 145 444441+45 444i +4544454443+4544454442+^4544454341+^^4544454241+4544444342+45444442 +45444441 — 



,6,6,3,2,2 , ,6,52,32 

■ 454i444342 + 4445 43 



,,6,52,3,2 
■ 24445 4342 ■ 



,6,52,22 

4445 42 ■ 



d4i'))/(d'dd); 



the parameters are subject to the conditions CiSCaS 7^ 0- 



5453 T ^545352 

- 4i4i4|4f - 4i4?dd + 4|4i'd + 4|4i'd + d4i + itii))/(ifil)- and 
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13.2.3 Case ^1^^ 0,^1 



j= 



0,^1+^3^0. 



m 



el 

«T+i 



where jf 



It4tlt4 tl 



+ 444l444l 









o\ 



























* 


* 




?4 




7 


+ «1 


44 4i 


«f + 



«?€!«i' - «f«l«i«?' - ef - 24?ef 4i4f - 24f 4i«f )/(«f «f =^ - 24|ef {4i4i - d + (4i' + i)(€i" + d); 



{4le|4r\i€? + 



t6t4 ,3 3,2 ,2 I ,6,4,3 2,3 ,2 2 , ,6 ,4,3 2,3 t2 2 ,6,4,3 2,3 I ,6,4,3 2, 

444i44 424i+444i44 4342 +444i44 434i -t-444i44 43+444i44 42 +444i44 424i +444i44 42+444i4443 4i+444i4443 424i 



I ,6,32,32,3,2 I ,6,32,3,2 
+ 4444 43 4i4i+ 4444 4i4i 



I ,6,3,32,3,22 ,6,3,32,3,22 ,6,3,32,3 I ,6,3,3,22 

+ 444443 4i42 +444443 4i4i +444443 4i+ 44444i42 " 



I ,6,3,2 ,6,4,34,2 ,6,4,33,22 
+ 444i4i — 434i44 4i - 434i44 42 



,6,33,3,3,2 , ,6,33,3,2,2 ,6,32,3,3,22 
4344 43?i^i-r?3?4 ^iC24l 4344 ?34i';2 



,6,32,3,3,22 
4344 434i4i - 



4i4f«i€? + Ci4i='4?«i^ + Ci4i=^€?«i5?'+«ie 



6,32,3,2 
4i42 



f§f3 f33^3 j2 



,6,3,32,3,2,2 
434443 4i424i 



,6 ,3,3,3,2 I ,6 ,3 ,3 ,2 ,2 , 9,6 ,3 3,2 ,2 2 
" 4344434i4i + 43444i424i + ^^4244 424i - 



,6,32,3,22,2 I ,6,32,3,23 
4244 43C2 41^^244 43?! " 



,6,3,22,2 
4l4442 4l - 

,6,3,32,22 
444443 4l 

,6,3,33,2 
434443 4l - 



4f4i«f)/(4l4f(«f «r 

^ €44443 ^ €444' 



,6,3^,2^ ,6,3 

4l44 42 4i44 
24|4f {4i4i - 1) 

,6,3 _ 

4444 



4l 

,2 2 



1)(43' ■ 



1))): 



Ji = (■ 



,o,3'^,ci,iii,D,J^,^'-',iii,6,32,,i:,:i:o 
4244 4341 +4244 42 4i+4244 424i 

,6,32 ,6,3,32,22,2 ,6,3,32,2 

- 4i44 — 4i4443 42 4i— 4i4443 4i 



,6,32,32,2 
-4444 43 4i 



,6,32,2 
■ 4444 4i 



,6,3,32,22 
" 444443 42 



,6,3,22 
444441 



,6,34,2 
4443 4i 



,6,3,32,2,2 , ,6,3,3,2 
434443 424i + 43444341 



-4i4l4i4?)/(4l(4f4f 



24l4f{4i4i 



45 4r €2 « - 24? 4:^ 4;| 4r - 2«5 4:^ 4;^ - 4: 



i,3 3,2 ,6,32,2,2 ,6,3,2 ,6,2,2 I ,D,. 
,43 4i 4443 424i 444341 444241 +434, 



,6,2 I ,6,33,3,2 I ,6,33,2,2 , ,,6,32,3,22 

444i + 4344 434i + 4344 424i + ^4344 434i - 
1) + {4i^ + l)(4;f + 1))); 3% = {-el4f 4i4f - 

33,2 i_,6,32,22 ,6 ,3 2,2 2 , ,6,32 , ,6,3,32,2 

41+4344 42 +4344 4i +4344 +434443 4i' 



4i4|4f )/(4i'4p - 24l4f (4i4i - D + (4i' + l){4i' + D); 



i(4i' + 4f + i) + {4;r + i)4f); 



(4i'4i' + 4f + 2eiei4ief + 2«|4? + ei'«r+«f)/(«f«f+«l(«i'+er + i) + (ei' + i)4f); 



l)/(4f «f + 4l{4i^ + 4?^ + 1) + (if + ml)-: 



')/(4f €? + d(4i^+€?^- 



to the condition 



e.eM + mfe. + eM' + ef + 1) + ia' + 1)^?) ^ o. 



1) + (ii^ + 1)4?); and the parameters are subject 

(83) 



(Note that $f ^ - 2^|^?(^|C| - 1) + {^f + l)(^f + 1) ^ is automatic from ^ + ^ 0.) 



13.2.4 Case ^ + 0, ^ = ^| = 0, = -^l ^1 = -^i'- 



J = 








1 



































ef 


et 




1 

1? 


-e, 


















-«4+?3?I«? 




?5 

p6 

S5 




\ 


1 


mi 

?2 


S5?l 

S3 


d 


-1 



where = ±1. 



13.2.5 Case 0, el = 



P 






-el 



ei 











^Fef+iM^+^flP+if+l^iFK! 
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where j? = («l«f«| + ^UUf + ei«l«? + eie??? + eid«? + eief - 2?fei5?)/(«|?? + + i); = + 

,6,3,3 , (6,3,22,2 , ,6t3,2 ,6,4,33 ,6 ,4 ,3 2 ,2 , ,,6 ,3 2 ,3 ,2 , ,,6 ,3 ,3 ,2 ,2 , ,,6 ,3 2 ,2 ,2 ,6,32,22 ,6,32 ,6,3,22,2 
^4^4?! + ^4Cl^2 ^1 +^4^1^! ~ ^3^1^4 ~^3^1^4 ^l+-^t3^4 ^1 ^2 + ^^3 ^4 ^ 1 ^2 ^ 1 + ^^2 ^ 4 t2^1~^1^4 '^2 ~^1';4 ~^1^4^2 ^1 ~ 

+ (f + 1)); Ji = (-sidef - dd - d«i^«? - d«f - 2dddd)/(d(dd + if + i)); j| = 

(d(2d?2 + Ssd + C3ef))/(d«i + «2^ + 1)' and the parameters are subject to the condition ^^CKCl + 
13.2.6 Conclusions for the case ^ 0. 

In each of the 5 subcases in the case ^ 0, after completing a set of common 
steps, one is left with solving the two equations 14|5 and 14|6 in the 14 variables 
ex.ilA^a^ilAA.iiA^iUl.iliUl ^ the open subset Umi-iHl) + of R". That 
is, the initial system comprised of all the torsion equations and the equation = — 1 in R^^ is 
reduced after the common steps to a system equivalent to the 2 mentioned equations, which reads 

(84) 

where : / = iimif + muf + iUiiiaa " mnif + mmf + iumae^ + nmf - 
iiifiiii - imam - mmif ^ifmf +€iiif +mf ^mf and g = naif+iuf + 

t5t3f22 , ,^5^2^22 Mt3t2t2 , Mt3 ^2^2,^3^23 f3t3t2t2 ^3^2^22 , <j32f22 f3 12 122 , ^3^2 t2t2 , t22 
S5^3Sl +?542?1 -tlM?3?l+?l^lS4?3+^4?l ~S3S1?3?1 ~?3^2?1 +?1 ?3 -?lC4Sl +ClS3S2S;i +^1 • 

Hence, if X^2_^o denotes the subset of Xub such that ^ 0, to conclude that ^-^i^^ is a 12- 

dimensional submanifold of R^^, it will be sufficient to prove that the preceding system is of 

maximal rank 2, that is in each of the subcases some 2-jacobian doesn't vanish. 

• First, one has j^^fp^ — (CiCi ~ Ci?4)(C4^ + ) hence this 2-jacobian doesn't vanish if 

el^OorCaVO. 

. Suppose a = a - 0. Then .§^^ = -f H) + ^1 + + {il + hence 




this 2-jacobian doesn't vanish if + 'fl 0- 

• Suppose ^4 = ^1 = and ^| = Then — (^| + ^^)^ hence this 2-jacobian doesn't 
vanish if H+H^O. 

• Suppose ^1 ^1 = and = — ^| and Q — —Q- Then the equation / = reads — 2^|^f = 0, 
hence ^| = 0. Then the equation ,g = reads - + 1 = 0, hence ^ = ±1. Then ^^{'^^^ = 

—2^1^^ and = Ci^ + ^i^ hence if or or ^j* is 7^ 0, one of these 2-jacobians doesn't 

vanish. On the other hand, if ^| = ^ ^3 ^ 0, -^M^ = - ^5^) hence if ^ ±1, this 

1^3 } 

2-jacobian doesn't vanish. Suppose now that = ±1. Then ~ '^itHi ~ C5) hence if 

it 7^ J this 2-jacobian doesn't vanish. Suppose finally that ^5 = Ci- Then ^^{^^l-^ = 4. This ends 
the proof that the system (|84|) is of maximal rank. 

13.3 

From llim one has that the subset ^^22^^22__ig of Xm5 such that +^3^ 7^ 0, is a 12-dimensional 
submanifold of R^^ with the global chart (|ST|l . Now if ^| = ^| = 0, then necessarily ^ / 0. Hence 

Xm5 = X^22^^22_^(, U X^2_^0 

and we conclude from ll3.2.6l that Xj\/5 is a 12-dimensional submanifold of R'^^. A local chart in a 
neighborhood of the canonical CS Jo appears in ( 7 , 6.5, p. 155). 

13.4 Equivalence. 

Due to the number of cases that had to be considered in the preceding computations, we'll tackle 
the equivalence problem in a slightly different way, mixing equations solving and reduction by 
equivalence. First we give explicit computation of all $ G Aut(Af5). 
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13.4.1 



Lemma 1. Aut{M5) is comprised of all those (real) matrices of the following form : 



b5 











H 

K 



\ 



Ku 
-HuJ 



(85) 



with 



bl 
bl 



b^u 
-blu 
~bfu 

b^u 



bl 
bl 
bl 
bi 



-bW 
blu 



(86) 



where u — ±\ and H + iK 



det(wi,W3) ^ with wi = 



and W3 



{bj) e Aut(M5). Since <1> leaves the 2^^ central derivative C^(M5) invariant, 65 = 
i ^ 4. Denote by ij\k the equation obtained by projecting on Xk the equation 
0. Equations 13|5, 13|6, 14|5, 14|6 yield 6| = 6|6? - bffo^ + 6^6} - 
blbf, bl = b\hl - h\bl + blh\ - blh\- hi = htb\ - b\h\ - blbl + blbl 
Now equations 12|5 and 12|6 read respectively A^'^ _,_ ^2,4 ^ q ^^^^ ^i,4 _ ^2,3 ^ 
the minors formed with the l'^' and 2'^ columns and the rows indicated by the indices in the 



Proof. Let $ = 
bl = for 1 < 

blbl; bl = blb\ 



$([a;,,a;j]) 
-bfbl-blbl 



matrix <f> 



If we introduce for 1 ^ j ^ 4 Wj 



4 



then det(wi, W2) 



^1,3 _^ ^2,4 i(^i^i-A _ A2'3)^ hence equations 12|5 and 12|6 are equivalent to the single complex 
equation det(wi,W2) = 0, i.e. to the existence of z = a + i/3 S C such that W2 — zwi. In the 
same way, equations 34 1 5 and 34 1 6 are equivalent to the existence of w = 7 + i(J G C such that 
W4 = i(j W3. No, if we introduce h~a + ^,k~j3 + 5, the system 23|5, 23|6 reads 




(87) 



where H = A'^'^ + A'^'^ K = A'^'* - A'^'^ A'*'^ the minors formed with the 1"* and 3^^ columns 
and the rows indicated by the indices in the matrix $|. Since H + iK = det(wi,W3), the case 
H ^ K = would imply det(wi, W3) = which in turn leads to det $ = 0. Hence (H, K) is a non 
trivial solution to the system H87|l . As its determinant is /i^ + fc^ we conclude that h = k = 0, i.e. 
7 = —a, 6 = —f3. Now we are left only with the system of equations 24|5, 24|6. It reads 



j{a^ - + 1)H -2aPK ^ 
\2af3H + {a'^ - + 1)K = 

Again, as {H, K) is a non trivial solution one has a.[3 = 0, 
we get (|55|) with u = (3. 



(88) 



'/32 + I = i.e. a ^0,(3 



±1. Then 
□ 



The subgroup Aut(n) C Aut(Af5) of complex automorphisms of the complex Heisenberg Lie 
algebra n is the subgroup comprised of all those matrices in 1)85(1 for which u ~ —1 and fof = 
-blbl ^ blbl ^ blbl ^-bl 
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13.4.2 

Now, looking for CSs J, after completing a set of general steps, one is left to find solutions of the 
torsion equations and = — 1 of the following form: 



J 







ea^ 


ei 





\ 




el 


el 


el 








e. 


el 


^3 


el 










el 


f4 
?3 


el 








ii 


el 


^3 


el 


et 


?f+l 




el 


?3 


el 


ef 


-h ) 



where the ^|'s are certain linear expressions in the ^^'s ( 1 ^ j, fc ^ 4) and ^| 
following $ g Aut(M5) : 



EUj- Take the 



$ = 



/I 



















1 




















1 




















1 








bl 






bl 


1 







4 


bl 


bl 





1/ 



with Ir'- = ^ (-^1 + X]fc=i ^Ee^ + el^j)- Then equivalence by $ leads to the case where = 
Vj 1 ^ j ^ 4. Now consider the submatrix 

/ei el ei ei\ 



e? el el e.' 
e? el 



vef el 



53 
S3 
S3 



ei 
eiy 



A B 
C D 



(89) 



We get 2 cases 1 and 2 below. Before we proceed further, we record a lemma. 
Lemma 2. Let J be a CS on A/5 o/ i/ie following form : 

J = 

where Jj is given in 1^891) . 

(i) Suppose that B and C are not simultaneously zero. Then J is equivalent to a CS of the same 
form for which B ^ 0. 

(a) Suppose B — [ 3^ e2 I 7^ 0- Then J is equivalent to a CS of the same form for which 





el-i,el = o. 

(Hi) Suppose B 



ei e^ 



S3 S4 1 y/jgTj J ig equivalent to a CS of the same form having the same B 



1 

and for which e? — el ~ 0- 

(iv) Suppose B — C — and ^| — — Then J is equivalent to a CS of the same form 

for which S = C = and Cl = el = 0. 

/A B 0\ 

Proof (i) The matrix J has the form C D . Take $t 

\ e) 

0^ ■ 



/ 
/ 



and $ 



diag $t' 



1 



From LemmaQ] $ £ Aut(A/5). Now 



A B 
C D 



/ 
/ 



D C 
B A 



Hence if B and C are not simultaneously zero, one may suppose B ^ 0. 

(ii) Suppose first £.3 — £.1 — 0. Then, since B ^ 0, the first row of B is not zero. Consider 



37 



$t = 



'U 
,0 u 



and $ = diag {^^, (^J ^ with ?7 = (^J • Then $ e Aut(M5). Now 

^ \c d) u)\c d)\q u)~\ucu uduJ- 



2 t2 



where UBU = ( " ^ 1 ( ^1 ^2 I i n \ = i A • Hence we are led to the case where the 

second row of B doesn't vanish. Consider that case now. Introduce = ^ and $ = 

diag($t,(^ 



^ with F = ( " ^ ) 7^ 0. Then $ G Aut(M5). Now 



where 



,^ ,_i (A B\^ (I \ /A B\ (I Q\ ( A BV \ 

(*t) l^c Dj*+ = Vo v-^)\c d)\o v) = \y-^c V-^DV) 

'a a\ (o^ 



BV = 



with ^'3 = a^l + , ^'4 = a^l — /?^|. Wo want ^'3 = 1 and ^'4 = 0. This is a Cramer system in 
a,/3 since (^|) + (^1)^ / 0, hence it has a nontrivial solution. Hence wo arc reduced to the case 
where = 1 and ^1 = 0. 



(iii) Suppose B = jjj . Consider = and $ = diag |^$|, j j with T = 

^ 0. Then 4> e Aut(M5). Now 



a (3 
-a 



A B\ ^ _ f I 0\ fA B\ fl 
t ~ [-T l) yc d) [t I 

A B \ f I 

-TA + C -TB + d) [t I 

A + BT B 



We want A + BT = (j^ j) , that is BT = (_* , . As BT = (f f ) (^^ 

^* , one has to let a = and [3 = — which is possible if one doesn't already has 

^1=0, = 0- Hence we are reduced to the case where ^1 = and $1 = 0- 

/A 0\ 

(iv) The matrix J has the form [ D with moreover = — and ^| = — ^f. Con- 

\0 £;/ 

sider $t ^ and (a^ + /J2 _^ 0, 72 + 52 ^ 0) $ = diag where 

U=('^ ,V=(j , and H + iK={a- il3){-f + iS). Then $ e Aut(M5). Now 



One has 



with 



1 fel el 
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Since = ~S,2j one has £,'\ = —£,'2- Then the discrhmnant of the equation ^'2 = is the sum of 
two squares, hence there exist a, (3 eM. with /? = 1 such that = and ^'2 = 0. Then 



1 



V-^DV = 



Cl 



a2 + /32 l^^/2 
Similarly, there exist 7, (5 G M with ^ = 1 such that 

1 f Cl 

72 + 52 {^'i 



Hence we are reduced to the case where = ■^l = 



□ 



13.4.3 Case 1. 

In the present case 1, we suppose that B and C in H89I) are not both 0. Then by equivalence 
(Lemma 12 (i)), we may suppose B =/= 0. Since _B 7^ 0, by equivalence (Lemma |21 (ii)), we may 
assume Cl — 1; ?! — 0- Again by equivalence (Lemma |21 (iii)), we may assume without altering B 
that = 0, £,2 = 0- Then solving all equations, we finally get the matrix 



/a 




-mi 


ii 


















1 














-1 
















b 


c 




d 


—a 






















«t - 


<if + 




















(90) 



where ; 

a = Ji = {{sf + m + ia - me,)/e,; b = 4 = - 



2£tmi-^)+ae,)e,+m'+mii')/{ae,); d^4^ ((a(ci-i)+aei(2-a))a-(e 

1)^1 )/{£,^£X)'^ 8,nd the parameters are subject to the condition 

e^it ^ 0. 

Note also the following formulae from ,P = —1 : 



(91) 



d=^{eM-^)+eM-ci)) , c = arf+(l + a2)|. 

S4 ^4 

Commutation relations of m : [a;i,a;2] = ais + dig; [iijia] = (fe + Vjx^ 



(92) 



CXq] 



[^2,^3] 



h {{.eM - 1) + iUl? + ) (^1^5 + a^e); [i2, i4] = (1 - Ci)i5 + iW, [i3, i4] = 0^5 + 



m is abelian if and only if 



^3^=0 , a = i. 

Suppose now that ^ holds, and denote a = , /? = _^ g, J(a, /3) = J(0, 1, $f ). Then : 



(93) 



J(a,/3) = 






-1 



Vo 



10 
10 
-10 

a 
0/3 












-a / 



(94) 



where /3 ^ 0. A direct study shows that any J{a,l3) is equivalent to a unique J(0,7), < 7 ^ 1, 
and any two such J(0,7), < 7 < 1 are not equivalent unless 7 = 7'. 



39 



13.4.4 



Let Ji = ^(^3: CIj Cf: 'CD E^J^d J2 = JivhvhVbiVt) as in It is clear that Ji ^ J2 if and only 

if there exists a matrix $ such that 



$ = I, /if i^u \ (95) 




where u = ±1, $|, iJ, K are defined in Lemmas] + ^ and J2 = $ ^ Ji"I>. This equation 
implies that 

(rf)(^^:^(2^gerf)- « 

Equation H96|l has non trivial solutions in i/, K if and only if the following condition holds : 



5 



However, though that condition is also sufficient for the existence of $ in (|95|l in the abelian case 
where ^3 = f]\ =0,^4 = r\\ — 1, it is no longer sufficient in the nonabelian case. For example, 
take J(l, 1,1,1) and J(l, 1, 1, 77I), with T^f ^ 1 : then ^ holds if only if u = -I,??! = 2 or 
u = 1, 775 = —2, —1, and in neither case does equivalence occur; hence J{1, 1, 1, 1) ^ J(l, 1, 1, 775) 
if 4 + 1. However J(l, 1,0,1) ^ J(l, 1,0,-1). One also has J(C|, 1,0,1)) ^ J(77|, 0, 1) O = 
±^3 ; ?7l = In general, if t]\ ^ £,1, for J(C|,?i,^i^5) and J (vh vh vt) to be equivalent, 
it would be necessary that + Q = where P, Q are certain huge polynomials in the other 
variables. We simply conjecture here that equivalence implies ^4 = 774 and 773 = ±^3, and leave 
open the equivalence problem in the nonabelian case. 

13.4.5 Case 2. 

We now suppose B — C — 0. Then necessarily ^| = "CijCI — "'Cl- By equivalence (Lemma El 
(iv)), we may suppose £,1 = 0,^| = 0. 

Case 2.1. Suppose — 0. If £^£1 ^ 1 one gets then the matrix 



j($i,^3)-diag(^(^^2 )-\i^£i+&)/m-^) 



(98) 



with the conditions 



1 



If^lef = 1, weget 



^' = d.ag||° (100) 



with the conditions 



= ±1 ; ef 0. (101) 



Case 2.2. Suppose Cf 7^ 0- Then we get 

^0 -1/m 



^^diag((« -V^^Vfi -(^^^ ) (102) 



with the conditions 



= ±1 ; £UI + 0. (103) 
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13.4.6 

Computing intertwining automorphisms, one can prove that for all , ■Cl: ^71 j ^3 ^ ^ satisfying 
conditions (|^ . J{rif,rij) = J{£,f,S,^) if and only if there exists u = ±1 such that one of the 
following is satisfied : 



<i or ^ 



"43 or 



and 



and 



S3 



= <3 or — 
<i or ^2 



Conditions H99|l are preserved by the transformations. For example, the canonical CS Jq — J(— 1, 1) 
and its opposite — Jq are equivalent. In fact, on has : 

Lemma 3. Let Q denote the Aut{M5)-orbit of the canonical CS Jq. Then is the ^-dimensional 
space comprised of the matrices 


























































-€? 
























y 






«l 




/ 



where ei = ±i,ei, ^1^3, a 

On the other hand, the J in H100|l appears simply as a limiting case when ^; 
structure J(C?,?5,?5) defined in with = ±1 , 7^ 0. 



of the 



13.4.7 

M5 is a complex algebra for the CS J(C?, ?|) in JHEl) if and only if = -1, ^| = 1 or = 1, = 
— 1, i.e. J{£,i,£,3) is the canonical CS Jq or its opposite respectively. Since M5 is not a complex 
algebra for the CS J(^3, 1^], ) in (|^ . the latter is not equivalent to Jq. 

Lemma 4. Suppose 0/^(^1,^3) ^ {"A)- ^•^o}- T'/ien J{£,i,£,3) is equivalent to some CS in case 1, i.e. 
there exist He^^^ie^ such that JiQ^^t) = J Hi H ^5 , ^5) ■ 

Proof. Take $1 = "J j and 




where 5* 



-a 



(104) 



Then $ G Aut(M5). Denote J(^f,^3)| = 
Then 

($t)-V(C?,?3')t*t = 

Now 



A 
L> 



where A — 



A 
D 



D = 




- 



The CS $ is of type 1 if AS - SD ^ 0. For this to hold, just choose a 

+ ^3 7^ and a — 0, P ~ I if + — 0, noting in this latter case that + = 
since ^2 ^ ±1 as J(^f ^ {Jo, - Jo}- 

Lemma 5. Let J be either the CS defined in MUi^ with ^\ = ±1 , 7^ or the one in 1^10^) . 

Then J ^ J(0,/3) for some /3 (0 < /3 ^ 1), where J(0,/3) is defined in J^j). 



1, = if 
□ 
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M 0' 

Proof. In both cases, m is abelian, and J = I A I where A — \^ ) , iJ 

\0 E) 







f5 _«f + l\ 

with ^ 0, = ±1, = in case (pn|l and / in case (|Tn^ . Take 



5 S5 

A 



$, S" as in ifTMl) . Denote Jf = ( n 4 ) ■ ^hen 




N-i 7^^2 ^ I -S\ A 0\ fl S\ [A AS~SA 
(<i>t) 'Jie,,e^h^^=[Q J )[q j) = [q ^ 

Now AS- SA^ {^2a§ 2/3^) " (l o) '^'^ ^^'^^ a = f = 0. Hence J$ is a CS of 
type 1, and we readily see that J = J(0, 1, 7 CDi hence J = J(0, (3) for some /3 , < /3 ^ 1. □ 
To summarize, we have shown the following : 

Theorem 1. Any CS on the Lie algebra A/5 is equivalent to either the canonical CS Jq or some 
CS JiCieiAl^l) defined m 

13.4.8 

Go is here the complex 3-dimensional Heisenberg group, considered as a real Lie group, i.e. the 
real Lie group comprised of the matrices 

1 -\- iy^ + iy^'^ 

1 x^ + iy^\ (x^/GR VA: = 1,2,3). (105) 
1 

We here depart from the second kind coordinates to use the natural coordinates defined by H1Q5|I . 
Then the matrix x in ()105|l is x = exp {x'^x^ + y'^Xi + x^x^ + y^xe) exp (x^xi — 2/^x2), and 

Xi- — 
dx^ 

ox'^ ox'^ oy^ oy^ ox'^ oy^ 

X, = — 
dx^ 

13.4.9 Holomorphic functions for J(C3, Cl, Cf, Cf)- 

Let G denote the group Go endowed with the left invariant structure of complex manifold defined 
by J = J(^3, ^1,^1,^1) in linnil- One easily checks (with formulae ^) that 

l-i^l ~ ~ l + ia ~ ~ ~ ( (1 + ia)i\ \ - 

- ; = X^ ; z - = -z [zd + -^T^j X^ . 

Hence iJc(G) = {/ £ G°°(Go) ; XJ f = 1, 3, 5}. Consider first the equation 

X- / = 0. (106) 

One has 

X^ - + ^(ef + Xe) - ^ + ^ (Cf ^ + 4^ ^) - ^ + ^ ^ - 2 ^ (107) 





d 


X2 = 


dy^ 




d 








d 


^6 = 


dy^' 



where it^ = — || . ^3 _ |^ . y;3 _ ^3 ^^3^ Equation p(Jti|) simply means that / is 

ow the equation 

/ - 0. (108) 



holomorphic with respect to w^. Consider now the equation 



42 



One has 



We suppose that / satisfies equation pU6l) . i.e. / is holomorphic with respect to w"^. 



Hence 



df _ df _ df 
dx^ du^ dw^ 



dj_ 



Then equation ()108|l reads 

h « a 1- " 



df_ 



that is 



where — — ^ y'^ ; — ^ ; = + iv^ . Finally, we turn to the last equation 



^3" / = 0. 



One has 



1^3^X1 + 1X2 + X3 + idX 



■,^i_d__-_d_^ f_d_ _^^i_d__^yi _d_\ ^ r_d_ ^1 9 ^ d 
^ dx^ dy^ \dx'^ dx^ dy^ J \dy^ dx^ dy"^ 



Since we suppose / holomorphic with respect to vfi , equation H110() then reads 



= 



that is 
d.f 



b J dw^ 



ad 



d\ df 



(1 - ^a)w' + (1 + zaK)) (^1 - ^^^^6^) 



-(W^ - ( -d + 



?5 



(109) 



(110) 



where = — iy^. Now equation (|109|l reads 
df b ^ 1 , »<r5 



2^ 



6 / 2 l + i£.\ 
- I -w"^ + u;2 



±|^((l-za)^i + (l + .a)^i))|^=0. 



(112) 



From equations (|107|l . (|112|l . (|111() . one readily sees that the functions ip^ and Lp^ defined by 



ad\ d\ — TT 



(113) 
(114) 



43 



are holomorphic on G. We look for a holomorphic function which depends on . For any C°°- 
function w^, w"^), i.e. ip doesn't depend on w^, w-^,w^, the following function /i is a solution 

of equations (|106|l and pi2|l : 



fi=w' 



2 — T — 9" — r ^ ~^ 

—w + w w'- -\ -g — 

S5 



(1 — ia)'w^w^ + (1 + ia) 



.1\2 



+ ip{w\ 10^,10"^). (115) 
We want to choose ip such that fi is a solution of (|111|) as well. First, we have : 
dfi 



dh_ 



6 

4 

b—r dip 
- + ^ 

4 dw^ 



i+ie 

S5 



'5 ((1 - ia)u.i + (1 + ia)w^) 



Introducing these values in Hlll|l we find that /i is a solution to Hlll() if and only if 



N'. 



— 



d\ dip , = 



where 



^ = jE (^^^3 - fe^kl + 6^1 + (1 + - d(i + m) (1 + 

M = l(^be, + il-^a)d) + ^Q^^-d + ^^^ 



A 



(l + ze|)(l-zfl) 
4ef 



(ifeCa + (1 - ia)d) + 



1-m/ d(l + *4') 



6 



A computation shows that N is actually equal to 0. Hence /i is a solution to pil|) if and only if 



d\ dip ^ p 



6 / c»iyi 



(116) 



Note that 



ad 
T 



Hence, in the nonabelian case where one doesn't have simulteanously ^3 =0,^4 — 1, for pi6|l to 
hold, it is sufficient to have 

dip A , 



dw^ 

dip 



1 (e, 



_ _ d 
b J b 



M 



■= = —(w—w 



which gives a solution 



iP 



dw"^ 



A 



(w 



1\2 



In the abelian case, one can take 



— \ W : 



,2^2 



A 1^ , M / ^— (u;2) 
w = w w^H \ w 
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We finally get the holomorphic function /i : in the nonabelian case, 



In the abelian case 
b 



S5 



(1 — ia)w w'^ + (1 + ia) 



n2 



A 



[w 



1\2 



(1 — ia)'w^w^ + (1 + ia) 



K) 



l^2 



A 1^ M 2^ 

— w -\ w 

2 2 I 



2\2 



(ii;2) 



2^2 



(117) 



(118) 



Note that in the abelian case, one can take = 0, = /3 , < /3 ^ 1, and then a = c = d = 0, 
b = —1, M = 15^, A = i, hence 



1 



-w w'- + w' w'- + — \ w w'- -\ 



1\2 

2 



1 1/2-7 K)' 

-w H w 

4 4/3 \ 2 



(119) 



In both abelian and nonabelian cases, let : G — > C'^ defined hy F — {cp^ , if'^ , (p^) where ip^,(p'^ 
are defined in (|113|) . (|114|l and ip^ = fi. F is a global chart on G. We determine now how the 
multiplication of G looks like in the chart F. Recall first the formulae : 



1 f 1 a 



y- ] +i— , = - iy^ 



w 



(120) 



Let a,x G G with respective canonical coordinates (x^, y^, x^, y^, x'^, y^), (a^ , /?^, a^, /J^, a'^, Z?'^) as 
in p(J5|) . With obvious notations, by matrix multiplication and (|120|l one gets 



11) 



wl+wl+ x(a, x) 



where x(a,x) = a^x^ - /S^y^ + ^-^l^ (a^y^ + /J^x^). Then from itTT^ . itTTH) : 

To get (^j^^, we just make the substitutions -^w;!,+w;J,, vj^ w^+w^, w"^ ^ wj^ + wi^ + x(a, x) 
in H117|l (we consider here the nonabelian case). Now, let A — ip^^^ ~ 'P'^a" Computations give: 

A = {Cifl + G^e.vi) 

where 

Ci = b{l + +{b-l + ^a)aWc. + l^^Z^^^fi + H^l " ^1 -da- id) - b^) , 



G2^{l-b + ia)^l 



+ '^'^ + (a + .(5 + ml - ^(1 + a") d{l + za) ) 



?5 



+ (1 - ai)(pl 
2(1 + ^^1) . 1 d 



+ ia + t{b- ml - -^(1 + «') + dil - la)] pI 
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For example, in the case of J(l, 1, 1, 1), 



^ = I — "Pa — + — ^ <y5a + <Pa I t^:;; 

/ 3 + i 3 + z — ;- l + 3i n 1 — 2i i\ , 
+ I + ^-^^1 ~'^o, ^ ~8~^"j "^"^ ■ 

Finally, in the abelian case J(0, 1, 0, one has to use (|119|) and one gets : 
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